Exercise 1A

1. vV=25=+v25x —1

=V25 x -1
= bi

2. V=144 = V144 x —1
=V1dd x V-1
=12i

3. V-9=+v9x -1

=9 xv—1
=3di

V=49 = /49 x —1

=49 x /=1
=T

5. v/—400 = /400 x —1
= V400 x vV—1
= 20i

6. vV-5=v5x—-1

=V5x =1
= /51

7. V-8=v8x—-1

= V8 x+v—1
=2V/2i

8. V—45=+45x —1
=V9x5xv-1
= 3V/5i

No working required for questions 9, 10 and 11.

—24v/22 -4 x1x5
2x1
—24+4-20
2
—24+/-16
2
—2+4

2
—-1+2i

 —24+V22-4x1x3
a 2x1
—24+/4-12
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—24+/-8

2
—2 4 2/2i
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x=—1+2i

12. =

or x=-1-2i

13.

r=—1—V2

or
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15.

16.

17.

18.

14. x

_—4i\/42—4><1><6
o 2x1

-4+ 16 -24

2
—44++/=8
2
—4 4221
2

—2+/2i

xr=—2—1/2i
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—24+v22 —4x1x10
2x1

—2+yv4-40

2
—2++/-36
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—2+61

2
—143i

or r=-1-3i

_4j:\/42—4><1><6
2x1

4+/16—24
N 2
4+4/=8
2

_ 4+2V2i

2
=242 or z=2-+2i

C1x/(-1)2-4x2x1
B 2 x 2
1+/1-38

4
1++/-7

4
1++/7i

4
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V7.
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19. «x

20.

21.

—6++v62—-4x2x5
2% 2

—6 4 /36 — 40
4

—6++/—4

C244/(-2)2-4x2x25
2x2
2 4 /4 —200
4
24+ +/—196
4
2+ 14i

4
1

—§+§1 or x-i
C244/(-22 -4 x5 x
2x5
2 + /4 —260
10
24+ +/—256
10
_ 2+16i

10
r=024+1.6i or

8
\

7.
—i
2

13

x=0.2-1.6i

Exercise 1B

10.

11.

245)+@B-1i=7+2i

(5—2)+ (=6 —4)i=3-10i
(2-5)+(3——1)i=-3+4i
5+2)+(—6+4)i=7-2i
(2-5)+(B-1i=-3+2i
B+2)+(—6+4)i=7-2i
(B+4+6)+(1—2+5)i=13+4i
(6+4i)+(6+31)=(6+6)+(4+3)i=12+Ti
(10+51) +(3—31) = (10+3) + (5 —3)i = 13+ 2i
(10+5i) — (3—3i) = (10—-3)+ (5——3)i = 7+8i
(

3—150)+7i=3+(-15+7)i=3—8i

23.

12.

13.

14.

15.

16.

17.

18.

1+/(-1)2—-4x1x1
2x1

1+y1-4
2
1++v/-3

2
1@
2

V3.

=-4+—1 or

2 2
~3+/(-3)2-4x5x1
e 2x5
_3++/9—-20

B 10

_3x/-11

10

3+ V1

10
V11, V11,
or =03——i

i
10 10

1

V3,
2

.T:i—

(3—15i) +7=(3+7) — 15i = 10 — 15i
2+5=7

44+41=5

6 + 15i + 4i + 10i2 = 6 + 191 — 10 = —4 + 19i
34+2i+94+6i2=3+11i—6=-3+11i
2-2i+i—i?2=2—i—-—-1=3-i

—10—2i+15i+3i2 = —10+13i — 3 = —13 + 13i
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19.

22.

3+2 3+2i 1-5i
1451 1451  1-5i
3151+ 2i — 102
B 12 — (5i)2
31310
T 1--25
13- 13i
2
= 0.5+ 0.5i
341 341 142
-2 1-2 1+
3461414 2i?
12— (2i)2
34 Ti+ 2
T 1-——4
14T
5
= 0.2+ 1.4i
4 4 1—3i
1+31 1+3  1-3i
412
12— (3i)2
412
S 1--9
4120
10
=0.4+1.2i
2 _ 2 1-di
14+4i 1+4i° 1—4
282
T 12— (4i)2
2 -8
S 1--16
842
1T
8 2,
EETARTA
~3+2 _ 342 2-3i
2+ 3i 2+3i  2-3i

—6 4 9i + 4i — 6i2

22 — (3)2
-6+ 13i——6
o 4— -9
13

13

=1

541  5+i y —2i+3
214+3  204+3° —2i+3
—10i+ 15 — 2i%2 4+ 3i

24.

_(21)2+32
_15—-Ti— -2
T T 419
_17-1
13
17 7.

13 13

25. (&) wH+z=(0(B+4)+(—2+3)i=9+i
(b)) w—2z—(5-4)+(-2-3)i=1-5i

(c) 3w — 2z = (15— 6i) — (8 + 6i) = (15 — 8) +
(—6—6)i =7 — 12i

(d) wz = (5—2i)(4+3i) = 204 15i — 8i — 6i2 =
26 + 7i

(e) 22 = (44 3i)% =16 + 24i + 9i2 = 7 + 24i

w 5b—21 4-3i
() L2222
z 4+31 4-3i
20— 15i — 8i + 6i2
42 — (31)?
20 —23i+ —6
S 16—--9
14 — 23i
25
= 0.56 — 0.92i

26. () Z1+Z2=(3+1)+(h—-5H)i=4
(b) Zo—Z1=(1-3)+(-5—5)i=-2—-10i

(¢) Z1+3Zy = (3+5i) + (3 — 151) = (3+3) +
(5 —15)i = 6 — 10i

(d) Z1Z5 = (3+5i)(1—5i) = 3—15i+5i—25i? =
28 — 10i

(e) Z% = (3+45i)* = 9+ 30i + 25i* = —16 + 30i

(0 é:3+5ixl+51
Zy 1—5i" 1+05i
3+ 15i + 5i + 25i2

12 — (5i)2
3 +20i+ —25
S 1-—-25
—22 + 20i

26
11 10

ISEREES

27. (a) 2=24+Ti
(b) z+2=24—Ti+24+ 7 =48

(c) 2z = (24 — T)(24 4 7i) = 242 — (Ti)2 =
576 — —49 = 625



Exercise 1B
() gzgxz 32. (a+31)(5—i)=p
24 — 7i)?2 50 —ai+ 151 — 3i2 =p
- 625 5a+3+ (15—a)i=p
B 576 — 336i + 49i> 15—a=0
N 625 a=15
_ 5276—2;361 5a+3=p
527 336, BE3=p
=— - —i
625 625 p=718
. (a) Yes, this is true. 1s 1s how the conjugate
33 Yes, this i This is h h j
28. (a) z=4-0i is defined: real parts equal, imaginary parts
ite.
(b) z— 7= (44 9i) — (4 9i) = 18 opposte. ,
0, this is not necessarily true. For exam-
(b) No, th t ly t F
(c) 22432 = (8 4 18i) + (12 — 27i) = 20 — 9i ple, consider z = 1 + 3i and w = 2 — 3i.
Here Im(z) = — Im(w) but Re(z) # Re(w)
(d) 22 —3z=(8+18i) — (12 —27i) = —4 + 45i SO w #£ Z
(e) 22 = (4 +9i)(4 — 9i) = 42 — (9i)? = 16 — 34. (a) In the quadratic formula
—8L =97 . —b 4 Vb? — dac
) 2=2x% 2a
zZ Z z
(4 + 9i)2 the value of the square root v/b? — 4ac either
=97 zero (for b% —4ac = 0), real (b —4ac > 0) or
: 2 imaginary (b2 —4ac < 0). If zero or real, the
= 16 + 721 + 8117 quadratic has one or two real roots. If it has
—65 +9772i complex roots we must have v/b2 — 4ac = ¢i
=—g— for some real q. The two roots, then are
65 72, xszJrqi and x:fbfqi
Y + o7 2a 2a
_ b 4y _ b4,
29 —w 20  2a 2a  2a
94 ei—d43i from which we can see that the real parts
are equal, and the imaginary parts are op-
Re(z) = Re(w) posites, that is they are conjugates. O
2=d (b) From the quadratic formula,
Im(z) = Im(w
() (w) . —b+ Vb —4dac
c=3 3+2i= S E—

30. a+bi= (2 3i)?

31.

=4 —12i + 9i%
=4-121—9
=-5—12i

zZ=w

5—(c+3)i=d+1+Ti

Re(z) = Re(w)

S5=d+1
d=14
Im(z) = Im(w)
—(c+3)=7

c+3=-7

c=—10

Substituting a = 1 and equating real parts
we get
b
T 2a
b
T2
b=—-6

Equating the imaginary parts,

o1 Vvb?2 — 4dac
1= —
2a
—6)2 — 4
g = VIZ6 —de
4i = /36 — 4c
(4i)? = 36 — 4c
—16 =36 — 4c
—52 = —4c
c=13
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(¢) From the quadratic formula,

53 —b+ Vb% — dac
h 2a

Substituting @ = 1 and equating real parts
we get

Equating the parts,

Vb? — dac
2a
(—=10)%2 — 4c
2
—6i = /100 — 4¢
(—61)? = 100 — 4c¢
—36 = 100 — 4c
—136 = —4c
c=34

—3i=

—3i=

i
35. (a) — "N _ 4 dice—dix —c+ di—c+di
—c—di
B —c? + (di)?
(=) = (di)?
—c? — d?
CEYE
=-1

i
(b) 2+ ' — et did—ci x d+ cid + ci
— Cl

cd + i+ d%i + cdi?
(d)? — (ci)?

(® +d?)i

iR

=1

c—di

(c) —d—c

=c—di—-d—cdx —d+cd—d+d

—cd + i+ d* — cdi?
(=d)? — (ci)?

(A +dhi

Y

=i
This should be expected, since we are just
substituting —d for d in the previous ques-
tion. If the outcome is true for all d then it
must also be true for all —d.

3451
36. = 4i
Top 4TH
D1 pi
3+5? pT=q+4i
14+pi 1—pi
3 — 3pi + 5i — Hpi? .
= 4
12 — (pi)? ara
(3+5p)+(573p)1:q_|_4i
1+ p?

(3+5p) + (5 —3p)i= (1+p?)(q + 4i)
Equating imaginary components:
5—3p=4(1+p?)
4p* +3p—1=0
(4p—1(p+1)=0
1
pP=7 or p=-—1

Now real components:

3+5p=q(1+p?)

_3+5p
14 p?
_ 3+5(3) o _ 345(-1)
BT IEEACDE
17
_a _ 2
17
16 2
17 16
— X ——1
477
—4

Solution: p=1,¢g=4o0rp=-1,¢=-1.

37. (a) (x—2)(x —w) = ax® +bx +c
22+ (—w — 2)z + wz = ax® + bx + ¢
a=1
b=(—w-—2z)
c=wz

(b) From the above, b= —w—zso w+z=—b
which is real.
wz = ¢ which is real. O

(c) Since w + z is real, Im(w + z) = 0:
Im(p+qgi+r+si)=0
qg+s=0
s=—q
Similarly Im(wz) = 0:

Im ((p + qi)(r + si)) = 0
Im(pr + psi+qri—qs) =0

ps+qr=20
p(=q) +qr=0
-p+r=0
r=mp
Hence r 4 si = p — qi (I
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Exercise 1C

1. No working required. Refer answers in Sadler. o Z,=(241)(1+1)>3

2. No working required. Refer answers in Sadler. = Z3(1+1)
(=244i))(1+1)

3. No working required. Refer answers in Sadler.

Note that the complex conjugate produces a re- = —2— 2i +4i + 4i°
flection in the Real axis on the Argand diagram =—-24+2i—4
(so Z7 is a reflection of Z; and Zg of Z3). — —6+2i
4. ° ﬁzgzg > 1 means Z, must be in either o Iy = (2+j)(1+i)4
quadrant I or IIT on the Argand diagram = Zy(1+1)

and the real part larger in magnitude than
the imaginary part. Only one number on

(=6 + 20)(1 + i)

the Argand diagram satisfies this: Z; = = —6 — 6i 4 2i + 2i°
—3-2 = —6—4i—2
Re(Z1)

n(Z) 0 means Z; must be in either
quadrant I or III on the Argand diagram.

—8 —4i

_ . \5
Since we have already eliminated the num- © Zs=(2+ 1)(1 +1)
ber in quadrant III we can conclude Z; = = Z5(1+1)
1+2i =(—8—4i)(1+1)
o I3=1Jy=—-3+2 = —8 — 8 — 4i — 4i®
e This leaves Z4, =3 — 2i = -8 —12i+4
5. e z =3+ bi; =—4—12i
. _ . .2 _ s,
0?5_314—51 = -5+ 3i; o Zr=(2+1)(1+i)°
o i

z=—iz=5—3i.

o i3

= (—4 —12i)(1 +1i)
= —4—4i—12i — 12i?
=—4—16i+ 12
=8 — 16i

o Zyg=(2+1)(1+1)
= Z7(1+1)
= (8 —16i)(1 +1)
= 8 + 8i — 16i — 16i>
=8—-8i+16
=24 —8i

Note: multiplication by i translates to a 90° ro-
tation on the Argand diagram.
6. e Z1=2+1i
o Zo=(2+1)(1+1i)
=2+ 2i+i+i
=2+3i—-1
=1+43i
o Zy=(2+1)(1+i)?
= Zo(1+1)
=(1+31)(1+1)
=1+41i+3i+3i°
=1+4i-3
=—-244i
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Miscellaneous Exercise 1

1. F+P = (13i—28j) + (—6i + 4j)
— 7i— 24j
Magnitude of the resultant is v/72 + 242 = 25N
2. (a) OB = OA + AB
=a+3b

(b) BC =BA + AOC + OC
+

— —AB - OA +0C
=-3b—-—a+7b
=4b —a

(c) BC =BA +AO + OC
= —AB-OA + OC
=-3b—a+7b
=4b —a

(d) BD = 0.5BC
= 0.5(4b — a)
= 2b - 0.5a

— = =

(e) OD=0OB+B
=a+3b+2b —0.5a
=0.5a+ 5b

3. (a) log,2=log, %
= log, 10 — log, 5
=P—q
(b) log, 50 =log, 10 x 5
= log, 10 +log, 5
=p+q
(c) log, 100 = log, 10?
= 2log, 10
=2p
(d) log, 125 = log,, 5°
=3log, 5
= 3q
(e) log, 0.1 =1log, 107"
= —log, 10
=D
(f) log, 0.5 =log, ul
10
= log, 5 —log, 10
=4q—-p
(g) log, 20a = log, %a

= log, 10> — log, 5 + log,, a
= 2log, 10 —log, 5 +log, a
=2p—q+1

5.

(a) z4w=2-31—3+5i=-1+2i

logs 10 = lfog;;;
_Pp
g
log, 5
log5 = 105 10
4
p
(2 + 5i)(2 — 5i) = 22 — (51)?
=4 — (—25)
=29
(3+1)(3—1) =32 — (i)?
=9-(-1)
=10
(6 +2i)(6 — 2i) = 62 — (2i)?
=36 — (—4)
=40
(3 +4i)* = 9 + 24i + 16i°
=94 24i — 16
= —7+ 24i
2-3i _2-3i 3-i
3+i 341 3-i
_6—2i—9i+3i?
- 32 _j2
6—11i — 3
T 9-—-1
3—11i
10
=0.3—1.1i
3+i  3+i _243i

231 2-3i 243
6 + 9i + 2i + 3i?
22 (31)2

C6+11i-3
-~ TI- 9
3410
13
11

—i+—i
13 13

(b) zw = (2 — 3i)(—3 + 5i)

—
&
z\u
g
Il

= —6+ 10i + 9i — 15i2
=—6+19i+15
=94 19i

z=2+3i

(2 + 3i)(—3 — 5i)

= —6—10i — 9i — 15i?
=—6—191+15
=919

Observation: zw = (zw)
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(e) 2% =(2—3i)?
=4 —12i + 9i>
=4-12i—9
=—5—12i
(f) (zw)? = (9 +19i)?
= 81 + 342i + 361i2
= 81 + 342i — 361
= —280 + 342i
(g) p=Re(z) + Im(w)i
= Re(z) — Im(w)i
=251

6. Calculator question: no working required. Refer
answers in Sadler.

7. (a) x+3=0 or x—2=0
T=-3 T =2
(b) 22—-5=0 or xr+1=0
20 =95 z=—1
r =25
() 2*—2-20=0
(x—5)(x+4)=0
z—5=0 or z+4=0
T =25 r=—-4
(d) 2 —10z+24=0
(x—4)(z—6)=0
r—4=0 or r—6=0
r=4 x =206
() x*—102x—-24=0
(r—12)(x+2)=0
z—12=0 or z+2=0
=12 T = -2
(f) e+ =12

22+r—-12=0
(t4+4)(z—-3)=0

8.

9.

r+4=0 or r—3=0

x=—4 =3

(a) (Re(2+ 3i)) (Re(5 —4i)) =2x5=10

(b) Re((2+ 3i)(5 — 4i)) = Re(10 — 8i 4 15i — 12i?)
= Re(10 + 7i + 12)
= Re(22 4 7i)
=22

(a) Beginning with the right hand side:

zZ1+z+2=a+bi+c+di
=(a+c)+ (b+d)i
(a+c¢)— (b+d)i
=a+c—bi—di
=a—bi+c—di
=a+bi+c+di
=zZ1+ %2
=L.H.S.

(b) Beginning with the left hand side:

Z1Z2 = (a — bi)(c — di)
= ac — adi — bci + bdi?
= ac — (ad + be)i — bd
= (ac — bd) — (ad + be)i
= (ac — bd) + (ad + be)i
= ac + adi — bd + bci

= ac + adi + bdi2 + bci
= a(c+di) + bi(di+¢)
= (a +bi)(c + di)

= Z1%2

= R.H.S.
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