Chapter 7

Exercise TA

1. T will use the “intelligent guess” method for this
question, but my preference is for the “rearrang-
ing” method, so I will use that for most of the
questions where one of these approaches is suit-
able.

Guess y =

4 Bedd)l — (92 4 5)4(2)

dx
Adjust by a factor of %:

(21‘-{-5)5
5

(2z + 5)° te
10

3. This can not be rearranged to the form
f'(z)(f(x))™ so we expand:

dy _

dz—x(3x+4)
=322 + 4z
A
=23 +22% +¢
dy 4
4. —==50(1+5
g (1+ 5z)

=10(5(1 + 57)*)
y =10 <(1 + 5I)5> +c

5
=2(1+52)° +c

d

ﬁ = 242(2 — 22)3

y:—12((2_4362)4)+c

=-32-2H)"+¢

6. This can not be rearranged to the form
f'(x)(f(z))™ so we expand:

d

ﬁ = z(1 + 4z)?
= (1 + 8z + 162?)
=z + 822 + 1623

YT Ty Ty
2 8 3

7.

10.

11.

12.

dy 2 2
= 30x(z® — 3)
= 15(2z(x? — 3)?)

=5(x* -3 +¢

This can not be rearranged to the form
f'(z)(f(z))™ so we expand:

d
d—izx(2x—3)2
= x(42® — 122 +9)
=423 — 1222 4+ 9z
_ 4zt 1223 +9x2 "
~ 3 2 ¢
2
:x4—4x3—|—9i—|—c
2
dy 3
—= =12(2 1
e (2z+1)

=6(2(22 +1)%)
y6<(2x+1)4) te

4
3(2z 4+ 1)*
= +4c
2
dy 4
— =2(3 1
I = 2Bz +1)

3 5
_2(3z+1)° .
15

dy 4
= (9r —
I (2z — 3)

1

- L 2(2r - 3)")
1 /Q2x-3) te
Y73 5
_ )5
:(Qx 3) .
10
dy . » 3\4
dz—5aﬁ (3—2°)
= (323
5 ((3—a?)°
_3< 5 >+C
_ .35
__(3 3;10) L

3 _ a5

:wﬂ

(Note that the last step is valid because (—1)° =
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—1. Such a simplification would not be possible
if we were raising to an even power.)

dy

13. =(1+z)*
o = 1+
1+ x)d
Y= 5 +c
d
14. ﬁ = 4z(2 + 22)*
= 2(22(2 + 2?)*)
2 2\5
Y= 2( Jr; ) +c
2(2 + x?)5
= +c
5
dy 4
15, —=(1+2
I = (1+22)
1
= (1 +20)")
1/ (1+2z)°
Y73 (5 e
(14 22)°
= 10 +c
d
16. ﬁ = 4z(1 + 22)
= 2(22(1 + x?))
1 2\2
Yy = 2 (HI’)) +c
2
=(1+2%)%+c
This question is probably just as easy to do by
first expanding;:
d
% = 4z(1 + 2?)
=4z + 423
x? x?
=4— 44—
Y 5 + 3 +c
=222 +2* +¢
Although these two solutions may not look quite
the same, you should satisfy yourself that they
are, in fact, both correct. (Remember, ¢ is an
arbitrary constant.)
dy 5
17. —= =602z —3
g (22 —3)
= 30(2(2z — 3)°
2z — 3)°
6
=52z —3)% +¢
dy 5
18. —= =60(3—-2
g (3 —2z)

= —30(—2(3 — 2z)°
— 228

—5(3 —2x)% + ¢

19.

20.

21.

22

23.

24.

" dx

dy 1
dz  (z+2)*
=(z+2)7*
2 -3
= (@ +_3) +c
= - ! +c
3(z +2)3
dy 1
de  (2z+1)*
=Q2z+1)"*
1
= 5(2(29c +1)7*
12z +1)73
T ¢
1
= — (&
6(2z +1)3
% _ 25x
dz (22 4+1)5
= —25x(2* +1)7°
—25 5
= T(Qz(:c? +1)77)
=25 (a2 + 1) e
O T
_ %
-~ 8(22 4 1)* ‘
dy 6
- (3z+5)3
=63z +5)3
=233z +5)7?)
3z +5)72
y=2 <( z+5) ) +
-2
L 4
= — C
(3z + 5)2
dy 18z
dr (3224 5)3

= 3(6x)(32° +5)°

—2

y:3<(3x2+5)_2> e

dx

3
RRPETE R
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d
25. d—y — 123z +5

€T

—4 (3(3x + 5)%)

3¢ +5)2
) (Wg))w
2
s (2
=4(3x +5)>2 (3)—1—0
8(3z +5)2
_ te
3
o W_ 12
“dr Bz +5
:4(3(3x+5)*%)
3z +5)2
_ <<+>>+
2
=8(32+5)% +c
=8V3x+5+c¢
d
27. d% =3 12(—322(1 — 2%)?)
1— 3\3
y:3x—12((3x)>+c

=3r—4(1-2%3+¢

Exercise 7B

1. /5cosxdx =5sinz +c¢
2sinzdz = —2cosx +c¢
—10sinzdx = 10cosz + ¢
—2cosxdxr = —2sinx + ¢

6cos2xdr = 3/2cos2xdx

=3sin2x + ¢

=
— — S — —

2cosbrdr = %/GCOSGxdl‘

_ sin 6x
3

7. /1251n4xdx: —3/—4Sin4xdx

= —3cosdxr + ¢

dpP

28. = 12(3(2 + 3t)3
1 (3(2+31)°)
2 4
p:12(<+3t>)+c
4
=3(2+3t)* +c
50 = 3(2 + 3(0))* + ¢
50 = 3(2%) + ¢
c="50—3x 16
P=302+3t)"+2
dP
29. — =12(2t(t* - 5)3
1 (2t( )
2 r\4
P:12<(t 5)>+c
4
=3t —5)*+¢
10=3(22-5)"+¢
10=3(-1)*+¢
10=3+c¢
c="1

P=3(t2-5)*+7

1
8. /—sin3xdm:§/—3sin3xdx

_cos8 3
3

9. /—8cos 10z dx = —%/10COS 10x dx

4 sin 10x
T +c

10. /sinfdz:ﬂ/ismfdz
2 9 %y

:—QCosg—Fc
3z 2 3 3
11. — =— [ = —
/cos2dx 3/2COS2d$
2 . 3x+
= —sin— +c¢
3 2

2 3 2 2
12. /—GSingdx: <6x2)/—3sin;dx

2x
:9 —_—
coS 3 +c
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Solutions to A.J. Sadler’s

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

For this question and the next, you should note

that sin (:E + %) = cosx and cos (x — g) =sinz.

You may make the substitution at the beginning
and then antidifferentiate, or first antidifferenti-
ate and then substitute.

See previous question.
2
/cos (23: + 77) dz
3
1 2
= 5/2005 (21‘+ ;) dz
=sin|2x+ — | +c
3
/sin(—x) dz = /— sin z dz

=cosx +c¢

4
/ 5 dr =4tanx + ¢
cos? x

1 1 4
== q
/cos2 4z 4/cos2 4z

1
=1 tan(4x) + ¢

1
—dx =t -1
/cosQ(x— 0 z =tan(zx — 1)+ ¢

/ 6 cos2x + 6sin 3x dx

:3/20052xdx—2/—35in3xdx

=3sin2x — 2cos3x + ¢

/cos&v—4sin2mdx
1 .
= §/8C088(I}dx+2/—281n21}d$

1
= gsin8x+2cos2x+c

/2x+4cosx+ﬁcos2xdx

:/Qxdx+4/Cos:cdx+3/2cos2xdx

=22 4+ 4sinx + 3sin2z + ¢

Although this looks long, you should by now be
able to antidifferentiate it in a single step, simply
working term by term.

/3+4x—6x2dx:3x+2x2—2x3+01

/10cos5xdx:2/5cos5xdx

= 2sind5x + co

/—251n4aﬁdx: %/—4sin4xdx

cos 4z

- 9 +Cg

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

so the overall antiderivative is

4
3x+2x2—2x3+25in5x+cos x c
4
cos™ x
/c0s3xsinxdx:—
30 .6
/3Ocos5xsinxdx=—¥
= _—5cos®z + ¢
.4 sin®
/sm zcoszdr = 5 +c
6 sin*
/6Sin3xcosxdx: SIZ :c
_ 3sintz
2
2 5
/—2cos4xsinxdx: co5s x
2sin®
/—281n7xcosxdx:— 51;1 v
_ sin® x
N 4

/ 32sin® 4z cos 4z dx = 8 / sin® 4z(4 cos 4z) dx

_ 8sint 4z
- 4
= 2sin* 4z + ¢

/ —924 sin® 22 cos2z dz

= —12/sin3 2x(2 cos 2x) dx

—12sin* 22
= —-—-—— + C

4
= —3sin*2x +¢

/ 20 sin? 22 cos 2z dz

= 10/sin4 2x(2 cos 2x) dx

_ 10sin’ 2z
B 5
= 2sin° 2z + ¢

/ —6 cos? 4z sindx dz

= 2/0052 4x(—4sindx) dx

3cosd 4z
2x3
cos® 4z
2




Unit 3C Specialist Mathematics

Exercise 7B

34. /sin3 rxdr = /sin z(sin? ) dz
= /sinx(l —cos®z) dz

= /sinx — sinx cos® z dx

s3

Co.
= —cosx + +c

35. /cos?’ rdr = /cos z(cos? ) dz
= /cos:c(l —sin?z)dz

= /cosx — coszsin® zdz

sin® x

=sinx —

36. / cos®z dx

cos z(cos? ) dz

cos z(cos? r)* dx

cosz(1 —sin?z)? dz

Il
\\\\\

cosz(1 — 2sin® z + sin ) dz

COST — 2COSJISIH x—i—cosxsm rdx

2sin’z  sin®z

3 * )

=sinx —

2cos? zdx

37. /cos2 rdx =

cos2z + 1dz

+ :E) +c
sin 2x

X
= +5tc

4 2
38. /sln rdr = —

/2C082x—1+1dx

sin 2x

N = N~ N

—2sin? zdx

cos2x — 1dz

(stm )
—x | +c

_ sm2x+x+
Ty TaoTe

/1—2sin2x—1dx

w\»—‘ w\'— w\»— M| —

39. /8sin4xdx = 8/(sin2 r)*dx

94 2 2
=5 [(Z5) w
:8/(—25in2x)2 da
4

:2/(—25in2w)2dx
:2/(1—2sin2x—1)2dx
:2/(cos2x—1)2dz
:2/00522x72c0821+1dz

2cos2 2z — 4cos 2z + 2dz

cosdxr — 4 cos2x + 3dx

= /2c0822m— 1 —4cos2x + 3dx

_ sindr  4sin2z T
= 5 T+c
sin4x

= 1 —2sin2x +3x +c¢

40. /0032x+sin2xdx:/1dx

=r—+c
(Compare this with your answers for questions
37 and 38.)

41. /COSQ.I—SiHQJ?dl‘:/COSQZ‘dJZ

sin 2x
= 2 + C
(Compare this with your answers for questions

37 and 38.)

42. / sin 5z cos 2x + cos b sin 2z dx

= /sin(5:£ +2z)dx

= /sin Tx dx

cos7x

(You need to know the angle sum trig identities
well enough to recognise them.)

43. / sin 3z cos x — cos 3z sin x dx

= /sin(3x —z)dx

= /sin 2x dx

cos 2x
2
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Solutions to A.J. Sadler’s

44. / cos Hx cos 2x — sin b sin 2x dx

= /cos(5:z +2z)dx

= /cos Tx dx

sin 7x
= + C

7

45. / cos b cos x + sin bx sin x dx

/ Sx — x)dx
:/cos4xdx

_ sindzx
4
46. Refer to your answers to questions 34 and 37.

47. There are (at least) three different ways of ap-
proaching this question. You can treat it as

o [2f(2)f'(2)da = [f(2)]" +c
where f( ) =sinz (i.e. sinr + c);
o [—2f(x)f(x)de=—[f(x)]’ +¢
where f( ) = cosx (i.e. —cos’x + c); or
e Recognise the double angle formula for sine:

[ sin 2z dz = —%cosQac—i—c.

You should satisfy yourself that these answers
are equivalent (differing only in the value of the
constant of integration).

48. / sin® z cos? z dz

sin z sin® x cos? z dx

SlIll‘COS T — sin x cos IL’dZL’

/sm:c (1 — cos? ) cos® z dx

cosz  cos®x

== + +c

3 )

49. / cos® xsin? z dx

COS ™ COb T bln rdx

COSIL'SIH T — cos x sin IL’dIL’

/cos:z: (1 —sin® z) sin® z dz

5

B sinz  sin®z
3 5
50. C:/4Sin2pdp
= —2cos2p+k
3=—2cos0+k

k=5
C=5—2cos2p

Note that I use k for the constant of integration
here rather than the more commonly used ¢ so
as to avoid confusion with C.

51. P = /12005333(196
=4sin3x +c¢
1():481r13?7T +c

10=—-4+c¢
c=14
P =4sin3x + 14

52. /QSecwtanxdm =2secxr+c

53. By the chain rule,

— (sec 2x) = 2sec 2x tan 2x

SO
sec 2
/sec2xtan2xdx = sec2 v c
54. By the chain rule,
d (cot 2x) = —2 29
—(cot 2x) = —2 cosec” 2x
dzx

SO

/ —4 cosec? 2z dz = 2 cot 2z + ¢

1
55. / — dx:/coseCdex
sin” x

=—cotx+c
sinx 1 sinz
56. 5 dx = dx
cos? x COS T COST
= /secxtanxdm
=secx +c
cos &
57. / ——dr = /cosecxcotxd:z:
sin“ x
= —cosecx + ¢

58. This is of the form [ f(x)
cosec :

f'(z) dx where f(z) =

—20 cosec?

4

= —5cosec* £ + ¢

/ 20(cosec z cot x) (cosec® x) dx =

59. / 20 cosec? x cot z dz

= / 20(cosec x cot x)(cosec® x) dz

= —5cosectz + ¢
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Exercise 7C

In the following solutions I have used notation like
du = 2x dx. This is convenient in helping us make the
variable substitutions, but it is important to remember
that du and dx are meaningless outside the context of
integration. We must not fall into the trap of treating
them like real quantities.

1. u=22-3 du=2zdx

/60x(x2 —3)%dx = 30/u5 2z dx

:30/u5du

=5ul 4 ¢
=52*-3)°%+¢

2. u=1—22 du=—2dx

1-— 1
Y dr =

=——du
2 2

xr =

=ut(du —5) +¢
=(1-22)"(4(1—-2z) = 5)+¢
=(1—-22)*(4 -8z —5)+c
=—(1-20)*8x+1)+c

3. u=3z+1 du=3dz
u—1
3

xr =

1
dx:§du

/ 122(3z + 1)° dz

I
=)
<
|
EN|
~
+
o

_ 72(3”36; D% (630 +1) = 1)+

23z 4+ 1)°
:%(1&4—6—7)4%

2 6
= @(&L’Jrl) (18 — 1)+ ¢

4. u=22> -1 du=4zdz

5. u=3224+1 du=6zdz

/12:6(3:52 +1)5de = [ 2u®6xda

6. u=x—2 du=dx
r=u-+2 dr=du
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Solutions to A.J. Sadler’s

I
L ——

/3:8(39 —2)5dx 3(u + 2)u® du

3ub + 6u’ du

N}

I
w
+
o
+
o

@‘:m

+u6+c

Il
w
~| =,

u$Bu+7)+c

2)6(B3(x—2)+7) +ec

8
|

(x—2)°%Bz—6+7)+c

(x—2)°%Bz+1)+c

Nl e N

7. u=3—1x du=—dx

r=3—u dxr=—du

/20:5(3 —2)3de = /—20(3 —u)u® du

:20/u4—3u3du

u®  3ut
=20 — — —
(5 4)+c

=4’ — 15u" + ¢
=ut(4u — 15) + ¢
=B-2)*(4B-z)—15) +c
=B -2)*(12 -4z —15) +¢c
=B -2)(—4x-3)+c
=—B—2)*(4x+3)+c

8. u=5—-2x du=-2dz

5—u
2

T = dx:—ldu
2

~7 "6 ¢
1 6
ol (6u —35)+ ¢
1
= 5(5 —21)%(6(5 — 2x) — 35) + ¢
1
= —(5—2x)%(—-12z —
42(5 x)° (=122 - 5) +c

1
——(5—2x)%(12
42(5 x)°(12z +5) + ¢

9. u=2x+3 du=2dx

u—3 1
T=— dm—gdu
/ 20z (2x + 3)* dz
:/5(u—3)u3du
*u5715U4+c
N 4
1
= ZU4(4U —15)+¢c
1
=2+ 3)* (422 +3) — 15) + ¢
1
=2z + 3)4(8z —3) + ¢
10. u=3z+1 du=3dx
-1 1
/18$\/ﬁdz

:/Z(ufl)u%du
:Q/U%—u%du
9 2u3 23
A\ s T3 )

4
= E\/TTB(:&U_@ +c

= VBT E P (3Gr+1)~5) +c

4
= — 3 —
15 Bx+1)3(92 —2) + ¢

11. u=322+5 du=6zdx

6z dx B dfu

V322 +5 Vu
=2y/u+c
=2v322+5+c¢

12. u=1-2x du=-2dz
1—u
Tr =
2

1
dxz—ﬁdu
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oS () -
ENIET
i)

:—%/%—\/ﬂdu

2
:—i<2\/ﬁ—3u3)+c
STt A

3 u(3—u)+c

1
25\/E(U_3)+C

1
:5\/1—21;(1—2:5—3)—1—0

1
:—5\/1—2x(2x+2)+c
=—V1-2z(z+1)+c

13. u=sin2x du = 2cos2xdz

/8 sin® 2z cos 2z dx = /4u5 du

4u6+
=—+c¢
6

2 4620 +
= — Sin x &
3

14. w=cos3z du= —3sin3zdz

Exercise 7D

2 cos3z

r
2 3

1. /(x + sin 3z)dx =

2. /2dx:2x—|—c

cos 8z

3. /sin&rdx = —

15. u=22+4 du=2xdz

/6xsin(:172+4) dz:/?;sinudu
= —3cosu+c¢
= —3cos(z? +4)+c¢

16. u=2x+1 du=2dx

20 =u—1 dx:%du

/(4x+3)(2x+1)5 dz
:/(2(u—1)+3)u5%du
= %/(Zu—i— 1)u® du

RN
2\ 7 6

1 6
1
=52+ DO (1222 4+ 1)+ 7) + ¢

1
= 871(2gc +1)%(242 4+ 19) + ¢

4. /(cos x + sinz)(cosz — sinx)dx
= /cos2 r —sin? xdz

= /cos 2x dx

1
= = i 2
2sm z+c

2
5. %dx:/x%—kxédx

I -
—5.1' 33’: C
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1
6. /sin3 2xdx = /sin 22(1 — cos® 2z) dx 12. /sin4 2x cos 2x dx = 3 /sin4 2x(2 cos 2x) dx
cos 2x n 1 cos® 2x n _ 1 <in® 2
_ 2 c =
2 2 3 10
cos 2x
ZT(COSQQZ‘—?))—FC 13. u=2zx+7 du=2dz

1
) 1 ) 2c=u—7 dr=—-du
7. [ (3+cos x)dx:§ 6 + 2 cos” z dw 2

1
= 5/7+2coszzfldx /633(21""7)5(195
1 51
:§/7+0052xdx = [3u—"Tu Qdu
7 1 3 6 5
— P = - —7 d
_2x+4s1n2x+c 2/ u-au
31, T
8. /4xsinx2dx:2/2xsinx2dx o 2(7u B 6u ) e
3 6
— 2(—cosz?) + ¢ =¥ (6u —49) + ¢
_ 2 3
= 2coszx +c :Q(2x+7)6 (6(21’+7)—49)+C
2
LU=z — = 3
9. u==x 3 du=2xdx :@(2x+7)6(12x77)+c

/8;1:sin(x2 —3)dx:4/sinudu
= —4cosu+c

= —dcos(a? —3) + ¢ =2z 4 7 e

14. /6(2x+7)5dx :3/2(2x+7)5dx

10. u=143z du=3dzx
15. /(3x272)dx::c372x+c

/24\/1+3xdx:8/\/ﬂdu 9
16. /4x(3m2 —3)"dx == /6x(312 —3)"dx

2\ s 3
=8 3 uz +c¢ 1
s = (322 -2)%+¢
16(1 + 3z)3 12
=——5—— +¢

1
17. /(cos:z: + sin2z)dr = sinx — 7 cos 2x + ¢

11. w=14+3x du=3dx

1 18, wu=3z—-2 du=3dx
3r=u—1 dr=-du

3 3r=u+2 dx:%du

/ 1521 + 3x dx

_ / 5~ ity du / o2y

5 :/2(u+2)u7%du
*g/u%f\/ﬂdu 9
:7/u8+2u7du
= 3(Gut - b e 2,
9 5 10 5 :§(§u9+1u8)+c
= —Uu2 — —Uu?2 +C 1
g , ) zau8(4u+9)+c
:§u5(3u75)+c 1
9 , :5—4(3z72)8(4(3x72)+9)+c
:§(1+3x)5(3(1+3w)—5)+c 1
9 \ = 5—4(395 —2)8(122 4+ 1) + ¢
:§(1+3x)5(3+9m—5)+c
2
23(14-3%)%(9%—2)4-0 19. /xdxz%—i—c

10
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20. u=14+2x du=2dx

=6yu+c
=6vV1+2x+c
2. u=142z du=2dx
20 =u—1 dledu
2
6 3(u—1)
2V1+9 _ [ 22—
/m\/ + 2xdx / NG du
3 u—1
du
\f
Sp—
2(3u3—2f)
=u —3u+ec
=Vu(u—3)+c

=v1+2z(1+22x—-3)+c¢
=V1+2z(2x—-2)+c¢

22. /6sin2xcosxdx:/6(2Sinmcosm) cosx dx

= 12/sinxc0s2xdx

= —4cos?z + ¢

23. /6cos?xsinxdx:/6(20082x7 1)sinz dz

:6/26082xsinx—sinxdx

2
= 6(75 cos® x +cosx) + ¢

= —4cos’z + 6cosx + ¢

1
24. /(a:2+x—|—1)8(2x+1)dx:§(x2+x—|—1)9+c

25. u=2x’>+3 du=2zdz

/2430 sin(2z? +3)dz = 12/2x sinu dz

= 12/sinudu

= —12cosu+c

= —12cos(z® +3) + ¢

11

26. u=xz—5 du= dz
r=u+5 dr= du

/(Qx—&—l)mdx
= /(2u+ 10 + 1)us dz
::/kmr+1nu%dz
= /2u% + 11us dz

33u%

|
‘0

IS
_|_
~J
EN |
~
+

o

I
—~
8
|
ot
~~

ol
—~
oo
—~
8
I
(]
~
_|_
N
~J
~—
+
o

27. u=+z+5 du=

/

(450

_o [EE5)?
a2 | d

2V

:2/u5du

2u+
— +c
6

_ (Vz+5)°

3 +c

%./@@x—nﬂm:Q/é@x—nﬂm

2(22 — 1)8
:%H
(2 —-1)8
= 3 +c
29. u=2r—-1 du=2dx
2r=u+1

/4x(2x —1)°dz
= [ 22u° du
(u + 1)u® du

uS + w’ du

Il
S

_7+uj+c

7 6

(2 -1)7 (22 -1)°
ST TG

22 —1)5(6(2z — 1) +7) + ¢

+c
1
42(

1
42(236— DS(122 +1) + ¢



Exercise 7TE

Solutions to A.J. Sadler’s

1
30. / cos® 6z sin 6z dz = -5 / —6cos® 62 sin 6z dx

_ _cos46x
24
6x 2z
31. ————dr =3 | ——dx
/\/m2—3 /\/x2—3
=6va?—-3+c¢

32. /sin2x0082xdx = /sin4xdx

cosdx
4

33. u=2z—-1 du=2dx
2r=u+1

Exercise TE

1. /%dx:/6x—5dx
dx

y=3z>—-br+c

. /%dx:/&/idm
dx

y:4x%+c

/8ydy:/4xfldx

4y =22 — x4 c

[\

©w

=~
—
(V)
<
Y
<
I
—
bl
a
)

3, —§—|-c
2 =
dy 1
5 by— = —
Yar = 2
fun-]®
1
3y’ =——+4c¢
x

12

/89:2(230 —1)°dz

= /(23:)2 u® du

= /(u +1)%u® du

= /(u2 +2u + 1)u® du
:/u7+2u6+u5du

ud 2T b
==+ —=+—=+c

8 7 6
u6
= ﬁ(21u2+48u+28)+c
- %(21(% —1)*+48(2z — 1) + 28) + ¢
- %(21(4352f4x+1)+96x748+28)+c
- %(84952—8491:—0—21—0—961’—20)4‘0
:%(84x2+12x+1)+0
. d 5
6. styﬁ = 122
/sin?ydy:/%dm
cos 2 )
_ 5 Yy = —@ +c

d
7. (2y—3)d—i=8x+1

/nyde:/Serldx

P —3y=42*+zx+¢

d
8. (4y— 5)% = 2(2 - 32)

/4y—5dy:/2x—3x2dm

22 —by=2a%—a3+¢

9 dy 1
. CcosYy— = —
Yo 2
1
/cosydy:/jdx
x
. 1
siny = ——+c¢
x



Unit 3C Specialist Mathematics

Exercise 7E

d
0. 2902 + 1)5£ _

/2y(y2+1)5dy=/xdx

(2 +1)° _a:2
6 = 2+c

(W +1)° =32 +¢

11. /dy:/fi:cdx

y=3z>+c
4=3(-1)2+c
c=1
_ 9,2
y=3z"+1
dy 5
12. 6 = —
Yar = 22
5
/6ydy:/—2dx
3yP=—-=+c
x
5
1)?=-—=
3(1) 0.5+c
3=-10+c
r =13
5
3y =13 - =

13. /2+cosydy:/2x—|—3dx

2y +siny = 2% + 3z + ¢
T+1=14+3+c¢
c=m—3

2y +siny =22 +3z+7—3
d
14. 2y+3d—y=4x3+8x
x

/2y+3dy:/4x3+8xdz
v +3y=at+42% +¢
446=1+4+c
c=15
v +3y=at+422+5

15. /vdv:/GSst
2

%:253+cl

v? =453+ ¢

62 =4(2)%+¢

36=32+c
c=4

v? =45 4+ 4

v? = 4(3)% +4
=112

v =+V112
=47

13

(Ignore the negative solution, because v is a

speed so can not be negative.)

d
16 Y

= —sinz

/ydy:/—sinxdm
y? =2cosx +c
22 = 2cos(n/3) + ¢
4=1+4c
c=3
y?> =2cosxz + 3

(a) a® =2cosm+3
0=v=213
=1
Point A is (7, 1)
(b) b? = 2cos(n/6) + 3

b=1\V3+3

Point B is (7/6,v/v/3 + 3)

dy _ sin(m/6)

At B, 2 = 2
dz V3+3
_ 1/2
V3+3
1
2v/vV3+3
17. zvg:%
dt
/2Vde/25dt
V2 =25t+c
20% = 25(0) + ¢
c =400
V2 = 25¢ + 400

(a) V= 25(20) + 400
=900
V = 300cm?

(b)  40% = 25t + 400
1600 = 25¢ + 400
1200 = 25t

t =48



Exercise 7F

Solutions to A.J. Sadler’s

Exercise 7F

1.

@

e

&

2
/ 10z* dz = [2305](2)
0

=2(2%) —2(0°)
= 64
4
/ 2dz = [23:};1
2
=2x4-2x2
—4
3 ) 1 3
o=,
= 1)
2%
3
/11(23: —3)da = [2* — 395]1_1
= ((1)* = 3(1) = ((=1)* = 3(=1))
=-2—-4
=6

It is not necessary to do any work for this. Any
integral with equal upper and lower bounds is

equal to zero.

2

=33-16

=17

3
/ (24 6z)dx = [23:—&—31‘2]3

= (2(3) +3(3%) -

(2(2) +3(2%)

S(@= 1P~ (-1-1?)

=301 (-8)

=3

1 1 1
/0(296—1) dz 25/0 2(2z — 1)*d

11 !

=3 [sea-v7),
1

= S5(C20) -1 - 20) - 1))
1

= 5=

=0.2

z+1 du=dx
u—1 dx=du

14

® o1 1
da::/ —du
/3(V‘r+1 u:4\/a
= [2val;
=6—-4
=2
10. /QSinxdx—[ cosx]og
0
(0-1)
=1

H x
11. / coszdr = [sinz]g
0

—(1-0)
=1

3
/ —0.5(1 — 2sin®z — 1) d=

6 6

z
—0. 5(/ cos2x — 1dx

sin® x dz

—0.5

{sm 2z 3

[E]

H
w
ﬁ
—_

cos g dx = [2 sin g

™

=2 (sing —sin1>

:2<1_ﬂ>
2
=2_2

4

=
[

4
4cos? rsinzdr = [3 cos® x}
z

s
4

_ 4 3T 3 7
—3(005 1 Cos —4)
0
15. [3z?dz =23+ cso0
1
(a) / 3x2dx=[m3](1)=13—03:1
0
3 3
(b) /1 3x2d:c:[1:3]1:33—13

3
(c) / 302 dr = [¢°]) = 3% — 0% =27
0

=26



Unit 3C Specialist Mathematics

Exercise 7F

16. f2x+x2dx:x2+%3+cso

3 23713
(a) / 2x+$2dx:[x2+]
0 3 1o

33 03
=3+ 02— =
+3 3
=94+9-0-0
=18
4 23 4
(b) / 2x+x2dx:[ﬂc2+]
3 35
43 33
=424+ - -3 - =
+3 3
64
=16+—-9-9
+ 3
_98
3
4 23 4
(c) / 2x+m2dx:[ﬂc2+]
0 3 1o
43 03
=42 —0% - —
+3 3
64
=16+—-0-0
+3
_ 12
-3
17. [sinzdz = —cosz + ¢ so

™

(a) /4 sinzdx = [— cos:z:]o%
0

= —cos — + cos0

4 274 2 2
4
18. (a)/xdx[x] _E v 8
0 2 |, 2 2

4

(b) / 3xdx—3/ xdr=3x8=24
0
4

(c) / 5xdx—5/ xdx =5x8=40
0

19. u=2z+1 du=2dz
u—1 7du

15

20. Using the same substitutions as the previous
question,

1 3
—1\ ,d
/ 16x(2m+1)3dx:16/ (“ )u?’“
0 u=1 2 2

. 43811+1>
5 4 5 4
968 400
5 5
568
5
=113.6

2. u=x+5 du=dx
r=u—5 dr=du

1 X 6 u —
/O%(x+5)4dx=/ flu-5) 55)(U)4d“

6 ud

———du
5

[ 6"

(25 25 |
1.5 6

:%[u(u—G)]5

= i = (6°(6-6) = 5°(5 - 6))
1

_ - 5
=55 %0

=125

22. wu=sinx du=coszdzx

1

/ 1251n5xcosxdx:/
0 u=0

= [2u%],
=2(1-0)
=2

w3

12u® du



Exercise 7G

Solutions to A.J. Sadler’s

23. u=5xr+6 du=>5dx

—6 d
r = u 5 dx = v
/6 3 /36 36) 4
2 Vor+6
36 .
:/ 3u 8du
16 25Vu
/36 3u 18
s 25 25[
3 1 36
_ 3uz xg 18uz2 2
125 T3 25 1
16
36
C|2us 36us
| 25 25
16
2 36
=95 [\/ﬁ(u - 18)]16
2
=35 (6(36 — 18) — 4(16 — 18))
2
108 + 8
25( +8)
_ 23
25
=9.28

Exercise 7G

1. Area is always positive, but

/ab f(z) dz

is signed, so they will only be equal where
f(x) >0 Vz € [a,b]
ie. (a), (b), (e), and (f)

2. Since 322 > 0 for € [1, 3], the area is given by

3
A= / 322 dx = [9&3]? =27 — 1 = 26 units®
1
3. y =4 — 22 crosses the z—axis at © = 2, so

(a) A=

16

24. u=x—1 du=dx

zr=u+1 dr=du
> r+3 4 u+4d
N S
/ Vit
Ta
3 2 .21t
u? X — +4u? x —
3 1],
4
2
2
2
g[\/ﬂu+12]
2
§( (4+12) — 1(1 +12))
2
=-(32—-13
~(32-13)
3
3
2
=12—
3

I
+

§— - —12+9
3 3~ "
167

3

16‘ 8 ‘

3

2 2
= ; = 7§ units?

4. (a) Area=|[z"]3| = 16 units?
(b) Area=|[z*]%,| + |[2]3| = 32 units?

5. y = sinx is positive between x = 0 and z = 7 so

(a) Area=[— cos Jc}og =0+ 1 =1 units?
(b) Area=[—cosz|f =1+ 1 = 2 units?
6. r—intercepts are at x+ = 0 and x = 1 so we

must find the area in two pieces: = € [—1,0] and
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Exercise 7G

€ [0, 1].

1— 2\4
LT
=-051—-2%)"+c¢
0 1
‘/ ydx|+ ydx
-1 0

= |[-0501 1%, |+ =050 = )1y
= |—0.5(1)4+05 )| +]-0.5(0)* +0.5(1)*|
= |-0.5] 4+ ]0.5]
= 1 unit?
7. x—intercepts are at z = Fv/5.
V5
A= 5—z?dx
-5
39V5
-3
31_vs
3 _JF\3
Gﬁ“@4ﬂﬁ+(fn>
— (10\/5_ 57\/5 _ 5\/5>
3 3
=5 <10 - 10)
3
= % units?
2 _1\4 2
8. (a) / (22— 1) —8) dx = [(2961) - Sx]
0 8 0
34 (_1)4
= — — ]_ —
8 0 8
81 1
— 2 _ 16— =
8 8
=—6

(¢) Roots are given by

(22 -1)3-8=0

(22 —1)° =8

20 —1=2

2 =3
r=1.5

17

Thus the area is to be found in two parts:

1.5
A1:/ ((2z = 1)* = 8) du
0
2 _14 1.5
_ [W)_gx]
8 0
24 1
== 12— =
8 8’
1
=2-12-<
|
— 102
-8
2
A2:/ (22 —1)° — 8) du
1.5
2z — 1) ?
_ [W)_Sx]
8 1.5
34 24
== -16—-=>+12
8 g " ‘
81
== —-16—-2+12
{2
L
8
A=A+ Ay

= 14.25 units?

9. We know that y = sin®z is non-negative for all
x. Referring to earlier work (e.g. 7B question
38) to integrate sin’x we get

2
A

{x
—0-0+0)

units?

A=

sin® z dz

sin 2:6}

10. We want [ |f(z) — g(x)|dz, so this immediately
includes both (e) and (g). Between a and b
f(x) > g(z) and between b and ¢ g(x) > f(z)
so both parts of (b) are positive so we include
that. Both (d) and (f) will give us the difference
between the area from a to b and that from b to
c and (c) gives us the absolute value of this dif-
ference, so these are wrong. Part (a) deals with
areas between one or other curve and the x— axis
so this is entirely wrong.



Exercise 7G

Solutions to A.J. Sadler’s

™

3
11. A:/ |2sinz — sin x| dx
0

™

3
:/ | sin z| dz
0
z
:/ sinx dz
0

= [—cos ac]og
=0+1
= 1 unit?

12. First find where the curves intersect:

P +3=x+5
2 —2-2=0
(x=2)(z+1)=0

z=-1
orx =2
Decide which curve is greater between x = —1

and x = 2 by choosing any convenient point. At
x =0, r+5> 22+ 3. Thus the area is given by

A:/z(x+5)—(x2+3)dx

-1

2 3 2
= [x_x_’_?x}
—1

2 3
8 1
:(2—§+4)—(7+7—2)
2 1 1
=6—-2-——-—— 2
3 2 3+
= 4.5 units?

13. First determine the points of intersection at = €
{-1,2,5}.

2
A = / (z° — 52® + 62 — (2* + 3z — 10)) dz
-1

2
= / (w3—6x2+3x+10)dx

-1

4 2 2
= x——2x3+3i+10x
4 2 .

1 3
= 416+6+20(+2+10)‘

4 2
= [14 — (—6.25)]
= 20.25
5
Ay = / (2® — 52® + 6z — (2 + 3z — 10)) dz
2
4 2 5
= x——2x3+3i+10x
1 2 )
= |—6.25 — 14|
= 20.25
A=A+ Ay
= 40.5 units?

18

14. First determine the points of intersection: 22 =

8, ie x=TF2V2

2v2
A= / (x2 — 8) dx
—2v/2
5+,
=||-5 —8
3 _ov3
16v/2
= GT‘[ —16V2 — (— fracl6v/23 + 16\/5)
= 327\5 —32v2
3
= 64;)/5 units?

~ 9 + 1 units?

_ \/3 5T
2
(b) It should be clear from your graph that
the line and curve enclose only two regions.
From the symmetry of the curve and line
it should also be clear that these two re-
gions have equal area. Thus the total area
enclosed is

NEE
A—2<2—24+1

5
= 3—1—7;—|—2units2

16. (a) By the null factor theorem points A, B
and C must be where either cosx = 0 or
sinz = 0, ie. A= (3,0), B= (7,0) and
C= (7,0).

(b) /6coszsin2xdx =2sin®z + ¢
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Exercise 7G

z
Ay :/ 6 cos z sin®  da
0
= [QSiHBZL‘]O%
=2-0
=2
37

2
s
2

— [2 sin® x}
=—(-2-2)
=4

total A = Ay + Ay = 6 units?

and Ao 6 cos x sin’ z dx

oy

17. a=0%—-3(0)*+3(0) +0.8
= 0.8m
b=22%—-3(2.2)% +3(2.2) + 0.8

= 3.528m
2.2
A:/ 22— 322 + 32+ 0.8dx
0

= [0.252" — 2% + 1.52% + 0.8z

= (0.25(2.2)* — (2.2)% + 1.5(2.2)% + 0.8(2.2))
—(0.25(0)* — (0)* + 1.5(0) + 0.8(0))

= 4.2284m”

18. (a) First consider the point (5,4) from the

persepctive of the curved edge:

2

y=azx
4 = a(5)?

4

“T 35
=0.16

The gradient at (5,4) is

oy
T dx
= 2ax

=2x0.16x5
=1.6

The equation of the line is

y=16x+c
4=1.6(5)+c
4=8+c¢
c=—4
Now d:
d=1.6(10) — 4
=12m

(b) The area can be found by considering the
curved section and straight section sepa-

19

rately:

Ay

10
Ag:/ 1.6x — 4dx
5

= [0.82% — 4z],"
— 80 — 40 — (20 — 20)
=40

A=A+ Ay

2
= 46§m2

19. First find the points of intersection between the
curve and the line.

60z — 22

— " =920
25

60z — 22 = 500

z? — 60z + 500 = 0
(z —10)(x — 50) =0
r =10

or x = 50

Now find the x—values where the curve meets the
water level.

60z — 22
T:0
z(60 —z) =0
z=0
or x = 60

(which values could have been deduced from the
symmetry of the problem).



Exercise 7G

Solutions to A.J. Sadler’s

Now find the area in three parts:

10 2
Al:/ 9o 80T -2
0

25
2 3 10
B DY L
50 ' 75,
=200 — 120 + 13.33
=93.33
50 2
60z —
A2=/ = 20de
10 25
62 28 ]50
Lo
{ 5 75 10
= 3000 — 1666.67 — 1000 — (—93.33)
= 426.67
Az = A by symmetry
=93.33
Agotal = A1 + Ax + A

= 613m? to the nearest square metre

20. The coordinates of point B in the cross-section
as shown are (30,40). This gives the coordinate
of the curve as

Yy =ax
0 = a(30)
2
T
72x2
Y= 5

From this the area of region ABC is

30
A:/ 20— 2 40
0

45
2z
4 P
[ 0z 135}

= 800cm?
Hence the total area of the cross section is
1600cm? and the capacity is
V = 1600 x 200
= 320000cm?®
= 320L or 0.32m?

20

60 2 2
91, A:/ 600 4+ 60z — x _ 4500 + 60x — x e
0 30 225

60 2 2
T 4x T
= 20+22——— (204 — ———)d
/0 LTy ( T 225)95
/60 26 132*
= dLE
o 15 450
C[1322 1323
L 15 1350,

= 1040m?

22. The first two z—intercepts can be easily deter-
mined to be where x = 0 and = = 1. For the
third,

Thus the area is

1
A = / —sin(7x) da
0

_ [cos(mc)} !

COS?T—COSO‘

s

™

/1175—;&11( 7T(a;—l)) dz
"
3

Ay =

7
3cos ( x—l))]l ’

1

2

cosm — cos(
T 87 T
47r
Atotal - Al + A2

= = units?
47
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Miscellaneous Exercise 7

dy

1. = 3(2z 4+ 1)*(2
Y =300 +1°(2)
=6(2x +1)2
d
2. %Y~ 1253 + 12cos 4x
dx
dy  (4sin®zcosz)zr —sin'z
3. ==
dz x?

sin® z(4z cos z — sinx

x2

dy 2cosz(l+cosz) — (14 2sinz)(—sinx)
dx (1+ cosz)?
2cosz 4 2cos? ¢ + sinx + 2sin’
(1+ cosx)?
2cos x + sinx + 2(cos? x + sin’ )
(14 cosz)?
2cosx +sinx + 2
(1+ cosx)?

5 dy _ 2cos2x(1 + sin2z) — sin 22(2 cos 2x)
Cdr (1 + sin 2z)2
2 cos 2z + 2sin 2x cos 2x — 2 sin 2x cos 2x

- (1 + sin 2z)2

2cos2x
(1 4 sin2x)?

d d
6. 5y+5r2 464257 = 6z
dz dz
dy 2dy
5xdx+6y dx_Gx oY
dy
5z + 6y*) == = 6z — 5
@_ 6x — by
dz 5z + 632
dzx
7. — =6t—5
dt
dy 2
— =12t
dt
dy _dydt
de  dt dz
122
- 6t—5
d d
8. cosy+x(fsinyd—9yc):ﬁsinaﬂrycosx

dy . .
COSY — Y COST = a(smerxsmy)

dy  cosy — ycosz
dx  sinz + xsiny
9. Givensin A = %, we can first deduce cos A = i%
(depending on whether A is in the first or second
quadrant).

21

(a) sin2A = 2sin Acos A

()

(b) cos24=1—2sin’ A

oo ()

25
sin 24
tan 24 =
(c) tan 0s 24
_
T
dy dy
10. 2 —= =2y—
(a) 2o 4yt =2y
dy
2 = (2y—2)-—2
vty=Q2y-a)
@7230—%1/
de  2y—2
_4+3
6-2
_T
4
(y —y1) =m(z — x1)
7

y—3=1($—2)

dy—12="7z— 14
Tr—4y =2

(b) 32% + 3y2% =0

dz
dy z2
de g2
4
9
(y—v1) = m(z — z1)
y-3=-5(-2)

9y —3) = —4(z — 2)
9y — 27 = —4x + 8

dx +9y =35
11. (a) 451n8x+c:0.5sin8x+c
3 2\6
(b) %4_6

(¢c) Letu=2x+3 du=dx

r=u—3 dx=du



Miscellaneous Exercise 7

Solutions to A.J. Sadler’s

/(2_3x)€’/mdx
:/(273(u73))\‘°’/ﬂdu
:/(273u+9)u%du
= /11u% — 3u3 du

3
:11u%xf—3u%x?+c

(e) /sm2 Tde = 70.5/72sm2 L da
2 2
- —0.5/ (1 — 2gin? g) —1ldz

= —0.5/(:0595 —1dz

= —0.5(sinz —z) + ¢

r sinx

2 2
() /cos3gdx:

+c

&
N

T T
cos — — cos — sin“ — dz
2 2

12. (a) Change the sign of the argument:
Z=8cis——

6

(b) A complex number plus its conjugate gives
double the real component:

2 % 8005% =83 =8V3cis0

(¢) A complex number minus its conjugate
gives double the imaginary part:

9 XSisin% :8128018%

(d) When multiplying complex numbers in po-
lar form, add the arguments and multiply
the moduli:

82 cis (% + —%) — 64cis0

22

(e) When dividing complex numbers in polar
form, subtract the arguments and divide the

moduli:
§cis (I — —E> = ].CISE
8 6 6 3
13. L.H.S.:
sin 6 1—cosf
1 —cosf sin 0

sin? 6 4 (1 — cos 6)?
sin @(1 — cos 0)
sin?@ +1 — 2cosf + cos? @
sinf(1 — cos 6)

_ 2—2cosf
~ sinf(1 — cosh)
~ 2(1 —cosb)
~ sinf(1 — cos¥h)
2

sin 0
=R.H.S.

— d 2
4. LHS. = (3 —z+1)

. (B@+n)?=(@+h)+1)— (322 -z +1)
= lim
h—0 h
o 322 4+62h+3R2P—x—h+1-322+2—1
= lim
h—0 h
. 6xh+3h%—h
= lim ——
h—0 h
= lim (62 +3h — 1)
h—0

=6z —1
= R.H.S.

15. To prove: for z a non-zero complex number,

Proof:
Let z=a+ bi for a,b € R. Then Z = a — bi and
|z] = a® + b*.

LHS. = -

I

a+ bi

1 a—bi
a+ bi
a — bi
a2 — b2i2
a—bi
a? + b2

a—bi

E]
— RIS
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16. y = cos®z is non-negative between z = 0 and

x = Z so the area is the simple integral

2

z
A:/ cos® x dz
0

)

[ME]

cos z(cos’x) dx

cosz(1 — sin?2) dz

o

17.

=

=
|
gl

o
+

| o

&l
I

ot
>
o8]

I

o o T o
= |
o

|

&

|
|

sl

[
o wm O
+ >
P oo 4
EDARE
T O
|
&

[}
—
=3
-

|

=
gl

+ OF

s
—ha+mOC

—ha+ 0.5m(a+ b)
(0.5m — h)a+ 0.5mb

— =

FE=FO+ O

—mOC + kb

= —0.5m(a+b)+ kb

= —0.5ma+ (k —0.5m)b

DF = FE

(0.5m — h)a+ 0.5mb = —0.5ma + (k — 0.5m)b
(m—h)a=(k—m)b

m—h=0

m=~h
k—m=20

k=m

—~
QO
~—

|

(b)

()

and

h=k=m

23

O
—_— —
(d) DE = DO + OE
= —ha+kb
=h(b—a)
—
= hAB
_— . =
E | AB
O
dy
18. = =2t
(@) o
dx 1
=9 _
dt 12
dy _ dydt
de  dtdx
2t
2~ %
8
221
(b) d’y _ 6t7(2t% — 1) — 2t°(41) 1
da? (2t2 —1)2 2- %
12t — 612 — 8t* 8 t2
(212 - 1)2 212 — 1
(4t —6t2)(¢?)
(262 —1)3
24262 - 3)
(212 —1)3
19. (a) For the first statement:

L.H.S. = cos(A — B) + cos(A + B)
= (cos A cos B + sin Asin B)
+ (cos A cos B — sin A sin B)
=2cos Acos B
=R.H.S.

Similarly the second statement:

L.H.S. = cos(A — B) — cos(A + B)
= (cos A cos B + sin Asin B)
— (cos Acos B — sin Asin B)
=2sin Asin B
=R.H.S.

[
(b) From the preceding we can draw the follow-

ing simplifications:

2sindx sinx = cos(dx — x) — cos(4x + x)

cos 3 — cos b

and

6 cos Tz cos 2z = 3 (cos(Tz — 2x)
+ cos(7z + 2x2))

= 3(cos bx + cos 9z)

From this,
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Solutions to A.J. Sadler’s

i. /(2 sin 4z sin x)dx

= /(cos 3x — cos bx)dx

Ly 3 L ox +
= —sin3x — —sin
353z — osinbz+c

ii. /(6 cos Tz cos 2z)dx
=3 /(cos 52 + cos 9zx)dx

3'5 +1'9 +
= —sin —sin
7 SinSz + osindr +c

57

20. (a) /0T

(0.5 —sinz) dx

= [0.5z + cos x](;%
om om

(12 + cos 6) — (0 + cos0)

_om_V3_
12 2

b —6v3-12

B 12

(b) /6 (0.5 —sinx) dz
0

[ —6v3 — 12

B 12

_ 6V3+12—5m

B 12

(If you had to do this without a calculator,
you should be able to estimate the value of
57 (about 15 or 16) and 6+/3 (more than 6
and less than 12) sufficiently to be able to
be confident that 57 — 6v/3 — 12 < 0.)

0.5 — sin x crosses the x—axis where sinx =
0.5, i.e. at x = §. We need to find the area
in two parts:

™

A = /6 (0.5 —sinx) dz
0
= [0.5z + cos 3:]0%

= (1 +cosz) — (0 4+ cos0)

A

124/3 — 47
12

24

Atotal = A1 + Az
_m+6V3-12  12y/3—dx
N 12 + 12
_18V3— 31 —12
N 12
6vV3—m—4 .9
= f units

21. John’s conjecture is easily disproven by finding a
single counter-example (e.g. = 6 or z = 10).
However even these give a result that is a multi-
ple of six.

3

Conjecture: x°> — z is a multiple of 6 for = > 2.

Proof: Consider the factorisation
23—z =x(r—1)(z+1)

At least one of these factors must be even. (If z
is not even, then both z — 1 and  + 1 are even.)

Similarly, and one factor must be a multiple of
3. (If = has a remainder of 1 when divided by 3,
then x —1 is a multiple of 3. If z has a remainder
of 2 when divided by 3, then x + 1 is a multiple
of 3. If z has no remainder when divided by 3,
it is itself a multiple of 3. There are no other
possibilities.)

Since z® — z is has both a factor that is even

and a factor that is a multiple of 3, it must be a
multiple of 6. O

22. Let A be the given position of the shuttle, O be
the position of the satellite and P be the position

of the shuttle at closest approach ¢ seconds later.

(

— —
OP-AP =0
—  — —
(0A+A ) AP =0
(r+tv)-v=0
30000 —150
~39000 180

1

|OP| = |r + 210v|
= 1930m (to the nearest 10m)

—150 —150
+t| 180 |- 180 | =0
—60 —60

—12285000 + 58 500t = 0
t = 210s

12750 —60

Let B be the position of the shuttle at ¢ = 100.
Let w be the new velocity.

—
OB =r + 100v

15000
—21000
6750

m

15000
—21000
6750

1
12.5 x 60

—20
28 ms ™
-9
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23. Starting with the first expression stripped of the
+c:

2
8

sin2x  sindx
+ 4 + 32
3r 2sinxzcosx  2sin2xcos2x
8 4 32
3x  sinxcosx  sin2xcos2x
8 2 16
3r  sinzcosx (2sinxcosz)(2cos?x — 1)
8 2 16
3z sinzcosz 4sinzcos®z — 2sinxcosz
8 2 16
3z sinzcosz sinzcos’x sinzcosz
E 4 8
sinzcos®z 3sinxcosz 3z

4

8 +8

25
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