Chapter 7

Exercise TA

f(5.01) — f(5) = (5.01)3 = 5(5.01) — (5)® + 5(5)
= 0.701501

2. f'(z) =10z + 2
£/(10) = 10(10) + 2

=102
D gy
§£(10) ~ f'(10)éz
=102 x 0.1
=10.2
£(10.1) — £(10) = 5(10.1)% 4 2(10.1) — 5(10)?
—2(10)
=10.25

3. f(x) = 3cos 3z

e

5) = 3cos &

3
=15

51(@) _ o

ou f'(@)

51(5) =~ /()
=1.5x0.01

=0.015

™ s
J(§ +001) - f(5) = 0.0146

define flxli=sini{3x:

done
flm 9+ @10 —Fn a0
a.68146a26579 | |

4. f'(x) = 30sin’ 5z cos 5
5 5
f’(g) = 30sin? g cos g

() ()
()

=11.25
7T ™
Sf(=)~ f(%)8
1C) =~ Gy
=11.25 x 0.001
= 0.01125

™ m
f(§ + 0.001) — f(g) = 0.011266

5. The marginal cost is £-C(x). As the expressions
given can be easily differentiated, no working is
required.

6. Marginal cost C’(z) = ¢ = %

(a) C'(25) =

—
>

= $2 per unit

(b) C'(100) =

—
é‘o
o

= $1 per unit

(¢) C'(400) = —2

ji}
o
S

= $0.50 per unit

7. Marginal cost is C’(z) = 750 —30x +0.322 dollars
per tonne.
(a) C'(30) = 750 — 30(30) + 0.3(30)?
= $120 per tonne
(b) C'(60) = 750 — 30(60) + 0.3(60)>
= $30 per tonne
(¢) C'(100) = 750 — 30(100) + 0.3(100)>
= $750 per tonne

8. C'(z)==
C'(10) = $10 per item

It costs approximately an additional $10 to pro-

duce the next item. (It’s only approximate be-

o 9C ~, dC
cause - ~ =)

9. (a) P(2)=R(2)-C(2)
= 850 — 446
= $404

(b) @ = $202 profit per item



Exercise 7TA

Solutions to A.J. Sadler’s

(¢) P(10) = R(10) — C(10)
= 4250 — 1150
= $3100

(d) P(lloo) = $310 profit per item

(e) P'(z)=R'(z)-C'(z)
=425 — (200 — 60x + 622)
= 225 + 60x — 627

At maximum profit,

P(z)=0
225 + 60z — 622 = 0
x=12.9

(ignoring the negative root). Thus, to the
nearest integer, the maximum profit will be
achieved when 13 items are produced. This
profit is

P(13) = R(13) — C(13

= 5525 — 2074
= $3451

0. (a) C(z) = / (42 +2) da

=222 +2r+¢
C(0) = 100
c =100

C(z) = 22% + 22+ 100

(b) C(x) = /x(?)ac +4)dz

= /(3332 +4x)dx
=23 +22% +¢
C'(0) = 8000
x = 8000

C(x) = 2* + 22% + 8000

(c) C(z) = /20(5x + sin 2z) dx

5x2  cos2x
=201 — —
(2 5 >—|—c

=10 (5332 — Cos 2:0) +c

C(0) =30

10 (—cos0) + ¢ =30
—10+c=30
c=40

C(z) = 10 (52° — cos2z) + 40
=10 (5x2 — cos 2x + 4)

(d) C(z) = / 4(32° + 5 cos? ) da
= 3:174+10/(2C082:1771+1)d:z:

=32 + 10/((}052:3 +1)dx

= 3z* +5sin2z + 10z + ¢
C(0) = 100
c =100
C(x) = 3z* + 5sin 2z + 102 + 100

11. For a revenue function, it is usually safe to as-
sume R(0) = 0.

(a) R(x) :/500dx
= 500z

(b) R(z)= /(60 —0.1z)dx
= 60z — 0.05z2

mt
12. N(z)= | 4 —dt
(a) N(z) / Om cos 600

it
=24 in —
000 sin 600 +c

N(0)=0
c=0

t
N(z) = 24000sin %

1007
b) N(1 =24 i
(b) N(100) 000 sin <00

— 24000 sin ~
6
— 12000

99
(c) N(100) — N(99) = 12000 — 24 000 sin ﬁg

= 12000 — 11891

=109
Alternatively estimate using

dN 1007
g = 407 cos W
Y
— 407 cos =
T COS 6
=207V/3
= 108.8
~ 109
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13.  C(z) = % dz
=40z + ¢

C(0) = 500

c =500

C(z) = 40v/Z + 500

C(100) = 40v/100 + 500
= $900

C'(400) = 40400 + 500
= $1300
Average cost

(a) for z =100 is 230 = §9 per unit

(b) for x =400 is 139 = $3.25 per unit

30
14. / (2% + 10x) da
2

5
23 30

= { + 5;22}
3 25

1
= (9000 + 4500) — (5208 + 3125)
1

= 13500 - 83335

2
= 5166
3
~ $5200

15. (a) Note that ¥ < 0 for t < 4 so

Lav

gives the opposite of the amount drained, so

the integral we need is
1
/ (5t — 40)dt
0

av
— | =dt=
[ %
1
- / (40 — 5t)dt
0

Exercise 7B

1. No working required.

2. (a) Initial displacement is z = 5(0)%—2(0)+8 =
8m

(b) Initial distance is |z| = 8m

(b) /34(40 — 5t)dt = [4015 - 5;2}
3

— (160 — 40) — (120 — 22.5)
=22.5 kL
4 2
() / (40 — 5t)dt = [4015 _ w}
0 2 0
— (160 — 40) — 0
=120 kL

16. Let 6 be the size in radians of the nominally 60°
angle. Let h be the height of the triangle. The
area of the triangle is

1
A= §8h
= 4h
h
tanf = 3
h =8tan¥
A =4(8tan®)
= 32tané
dA 32
A6 cos?26
AA 32
A " cos?f
32
AA =~ mAH
- 32 7w x 0.5
"~ cos260° < 180 >
=128 (360)
~ 1.1cm?

(c) Initial velocity:

de
dt
=10t -2

dw
— = —2ms~!
dt jt=0

v =

(d) Speed at t =
18ms ™1

2 is |v|p=2 = 10(2) —



Exercise 7B Solutions to A.J. Sadler’s

(e) Acceleration at t =5 is 6. (a) Initial displacement is z = 2(0)3 — 30(0) —
d 1=—-1m
a= dit} (b) Initial distance is |z| = Im
— 10ms-2 (¢) Initial velocity:
yo b
3. (a) Initial displacement is = 0(2(0)+1) = Om dtQ
(b) Initial distance is |z| = Om = 6t — 30
d
(c) Inmitial velocity: & = —30ms~*
dt |t=0
v= de (d) Speed at ¢t = 2 is |v[j;—0 = [6(2)% — 30| =
dt 6ms !
q =dtrl (e) Acceleration at t =5 is
d%f] = Ims™! dv
=0 - =
| a a
(d) Speed at t = 2is |v|j1— = 4(2)+1 = 9ms™* =12t
(e) Acceleration at t =5 is ajp—5 = 60ms >
dv 7. (a) Initial displacement is z = (1—4(0))% = 1m
“Ta (b) Initial distance is |z| = Im
= 4ms ™2 (c) Initial velocity:
dx
4. (a) Initial displacement is z = 4(0)* + 3(0) = V=4
Om — 3(1 — 46)%(—4)
(b) Initial distance is |z| = Om — 1201 — 41)?
(c) Initial velocity: do B
— = —12ms
dz dt je=o0
v=—
de , (d) Speed at t =2 is
=12t +3
4o [vlje=2 = |=12(1 = 4(2))?|
- — 3 -1 =
dt 1=0 ms 12 x 49
= 588ms ™"
_ 9 _ 2 _
(@) Speec{lat b= 21 ol = 12027 +3 = (e) Acceleration at t =5 is
51lms
(e) Acceleration at t =5 is a = %
v = —24(1 — 4t)(—4)
dt = 96(1 — 4t)
=24 i ajp—s = 96(1 — 20)
a|t:5 = 12()me — —1824ms_2
5. (a) Initial displacement is x = 30 — 6(0) = 30m 8 (a) v dz
(b) Initial distance is |z| = 30m dt
" . =6t+4
(c) Initial velocity:
U|t=3 = 6(3) + 4
d —
v = ax =22m/s
dt dv
= —6ms™* (b) a= o
= 6m/s?
(d) Speed at t = 2is |v|jp=2 = |(| — 6) = 6ms™! m/s
(e) Acceleration at t =5 is 9. (a) a = %
dv =12t
a=—
dt aj—3 = 12(3)
— 2
= Oms =36 m/s2
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(b) xz/vdt

=2t —t+c
51=2(1)3 - (1) +¢
c=150

x =23 —t+50
Tp—q = 2(4)> — 4450
=174m

Another possible approach is to use the
known position and a definite integral from
the known time:

4
x:51—|—/ (6% — 1) dt
1

=51+ 22 —t]]

=51+ (2(4)° —4) — (2(1)° - 1)
=51+124—1

=174m

10. (a) ap—o = 6(0) +4
= 4m/s?

(b) v:/(6t+4)dt

=3t +4t+c
8=3(1)2+4(1) +ec
c=1

v =3t +4t +1
vi—g = 3(3)% +4(3) + 1
=40m/s

2
(¢) T=2=9 —|—/ (3% + 4t + 1)dt
1

=9+ [t3 422 + 4]

=9+ ((2*+2(2)%+2)
- (17 +2(1)* +1)

=9+18—4

=23m

11.

12.

_d
Tode

=616+ 12 +

= 61/16 + 2 + ——
V16 + 2

6(16 + t2) + 6t>
V16 + 2
96 + 612 + 6t

V16 + t2
96 + 12t2

- V16 4 t2

8 + 2
V16 + 12
5 8+ (0)?
16 + (0)2
=24m/s?

(b) mz/vdt

= /(Gt 16 + 2) dt

= 3/2t(16 + %) dt

3(16 +%)1°
1.5
=216 +t3)'° + ¢
8 =2(16+0%)"° + ¢
8=128+c¢
c=—-120
x=2(16 +t*)° — 120
T = 2(16 + (3)*)"* — 120
=2(25)'° — 120
= 2(125) — 120
= 250 — 120
=130m

A|t=0 =

v= [ adt

6t(t? + 2t + 1
+ +)dt

Il
\\

6t3 12752 6t
_ / 6" + 12t + 6t .,

5
= 0.3t +0.8¢3 +0.6t2 + ¢
2 =0.3(1)* +0.8(1)® + 0.6(1)?
2=17+c
c=0.3
V=0 = 0.3m/s

+c
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Solutions to A.J. Sadler’s

13.

14.

dx
V= —
de

= —2sint

(a)

Vjp=n = fQSinE
6 6

=—1m/s

_dv

T dt
= —2cost

(b) a

T
A=z = —2cos —

2

=0
It is correct but not strictly necessary to
give units for the acceleration, since zero ac-
celeration means the same regardless of the
units being used.

dv
(a) a=4
= 8cos 2t
A=z = 8cos§
=4m/s?
(b) x:/vdt
= —2cos2t+c
3=—-2cos0+c¢
c=5
r=>5—2cos2t

Tjt=z = 5—2cosT

=7m

15. This question is simplified if you first recognise

that 4sintcost = 2sin 2t

v = /QSiHQtdt

(a)

= —cos2t+c
3= —cos0+c
c=4
v =4 —cos2t
2

Vjp=z = 4 — cos 3

=4.5m/s

(b) x:5+/03(47c082t)dt

=5+ [4t — 0.5sin2t)}

16. v=—

17. (a)

(b)

18. (a)

dz
dt
=18(3t +1)?
dv
dt
= 108(3t + 1)
Att=2, 2=2(3(2) +1)3
= 686m
v=18(3(2) +1)?
=882m/s
a=108(3(2) +1)
= 756 m/s?
_dw
T
(2t +3)—2(t+1)
(2t +3)?
1
(2t +3)2
_dv
“Tar
4
(2t 4 3)3
Att=1, z = 141
2(1) +3
2
"5
=0.4m
B 1
ECOEEE
1
25
=0.04m/s
—4
2(1)+3)?
4
125
= —0.032m/s?
_dx
YT
=t — 12t — 45
=(t—15)(t+3)
when v =0
t =15 (given that ¢ > 0)
153 5
T 6(15)% — 45(15) + 1000
= 100m
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dv
b = —
(b) a=—
=2t —12
when a =0
t==6
63 9
x=§—6(6) —45(6) + 1000
= 586 m

19. “Hit the ground” means h =0

42 +29t —5t* =0
t = 7s (ignoring the negative root)
dh
T at
=29 —10¢
Vje7 = 29— 70
= —41m/s

v

_dw
Codt
=16 — 2¢
Ujr—a0 = 16 — 40
=—24m/s
*. speed = 24m/s

20. (a) v

(b) v=20
16—-2t=0
t=8s
x = 8(16 — 8)
=64m

(¢) Provided there is no change in direction, dis-
tance travelled is equal to the difference be-
tween the displacements:

d= Lit=5 — L|t—1
=5(16—-5)—1(16 — 1)
=55—-15
=40m

(d) Between 5 and 10 seconds the particle
reaches its maximum displacement and re-
turns. We could find the distance travelled
by integrating the absolute value of the ve-
locity, but it’s simpler to do it in two parts:
from 5 to 8 seconds, and from 8 to 10 sec-
onds.

d = (64 — 55) + (64 — 10(16 — 10))
=9+ (64 —60)
=13m

21. v=c—9.8t
initial velocity vj;—g = ¢
at max. height v =10
c—98t=0
c=9.8t
250 = (9.8t)t — 4.9t
250 = 9.8t% — 4.9¢>

250 = 4.9¢2
fo 20
V49
250
=0.84/——
¢ 49
=70m/s
dz
22. v =—
AT
= 3t — 24t + 36

8
d:/ |3t% — 24t + 36| dt
1

=7lm
This could also be done without a calculator.
First determine whether there is a change of di-
rection in the interval of interest:

v=>0

3t> — 24t +36 =0
t? —8t+12=0
(t—2)(t—6)=0

There are two changes of direction in the inter-
val of interest so we need to find the distance in
three sub-intervals: 1-2, 2-6 and 6-8:

d=1]z(2) — =(1)|
+[2(6) — z(2)|
+[=(8) — (6)]
z(1) = 1° — 12(1)% + 36(1) + 15
=40
x(2) = 2% — 12(2)* +36(2) + 15
=47
z(6) = 6% — 12(6)% 4 36(6) + 15
=15
z(8) = 8% — 12(8)% + 36(8) + 15
=47
d=T+32+32
=7lm

(You should know how to do this without a cal-
culator, but your first impulse for a question like
this is to use the calculator if it is available to

you.)
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Solutions to A.J. Sadler’s

23. vz/adt

=3t2 — 24t + ¢
35 = 3(0)? — 24(0) + ¢
c=35

v=3t2— 24t + 35

x:/vdt

=3 — 1262+ 35t + k

0= (0)®> —12(0)* +35(0) + k&

k=0
z=t>—12t> + 35t
solve for the first x = 0,¢ > 0
3 —12t> + 35t = 0
tt—5)(t—T7)=0
t=5
v=3(5)—24(5) + 35
=—10m/s

24. U:/adt

=2t—t*4¢
’U|t:0:24
v =24+ 2t —t

x:/vdt

t3
:24t+t2—§+k

Typ=0 =0
t3
r=24t+t> - —

3

(a) v=0
2442t —t* =0
(4+t)(6-1)=0

(6)°
3

t==06s
z = 24(6) + (6)* — ~—
— 144 + 36 — 72
= 108 m
3 3
(0) s = 24(3) + (37— O
=72+9-9
=72m
9 3
oo = 24(9) + 9 — 2
=216 4 81 — 243
=54m

(¢) d= (108 —72) + (108 — 54)
=90m

25. (a) v = /adt
=0.2t
T = /vdt
=0.1¢?
x\tZISO = 01(180)2
= 3240m

(Both constants of integration are zero to
account for the initial position and velocity
both being zero.)

(b) v=0.2x 180

=36m/s
26. “In the fourth second” means from ¢t = 3 to t = 4:
4
d= |7+ 2¢|dt

3
4

_ / (74 20)dt
3

_ 274

= [7t+1%],

= (284 16) — (21 +9)

=14m

(The absolute value can safely be dispensed with
since v is positive for all positive t.)

27. “In the fourth second” means from ¢t = 3 to t = 4.
Here v changes sign at ¢ = 3.5 so the absolute
value must be retained. If doing the problem
without a calculator, the integral should be di-
vided into two parts, as follows:

4

d:/ 7 — 2| dt
3
3.5

:/ (72t)dt+/4(2t7)dt

3 3.5
= [ =21 + [ = 7]y,
=(24.5—-12.25) — (21 —9)

+ (16 — 28) — (12.25 — 24.5)
=12.25 — 12 + (—12) — (—12.25)
=0.5m

28. (a) The maximum value of sin2¢ is 1, so the
maximum velocity is 2 X 1 = 2m/s.
dv
b) a=—
(b) a=—
=4cos2t
(¢) The maximum value of cos2t is 1, so the
maximum acceleration is 4 x 1 = 4m/s?.

(d) x:/vdt = —cos2t+c
0= —cosO0+c
c=1

T =1—cos2t
(e) The maximum value of — cos2t is 1, so the
maximum displacement is 1 + 1 = 2m.
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29.

30.

(a) The minimum value of sin” ¢ is 0, so the min-
imum velocity is 3 x 0 = Om/s. (Le. the
particle never moves backward.)

dv
(b) a= ar

=6sintcost
= 3(2sintcost)
= 3sin2t

(¢) The maximum Value of sin 2t is 1 which first
occurs when 2t = %, ie. t =

(d) x:/vdt
:/3sin2tdt

—1.5/(1 —2sin?t — 1) dt

4S.

—1.5/(cos 2t —1)dt

= —0.75sin2t + 1.5t + ¢
0= —0.75sin0 + 1.5(0) + ¢
c=0
r = 1.5t —0.75sin 2t

4

(a) Ax:/ 3v1+2tdt
0

- 3(1+2t)15 4

L 15x2 |,

4
= [0+ Qt)l's]o
—gls _ L5

=26m

(b) Use the substitution

u—1
=1+2t t=
U + 5
du = 2dt dt:%

4
/ 3tv1+2tdt
0
14+2(4) 3(U o 1)
= \/;7
I

+2(0) 2

= /9 0.75(u — 1)y/udu

1

9
= 0.75/ ut® — w9 du
1

2.5 1.579
—o7s LY

25 15|,
= [0.3u%% — 0.5u"]]

3

(03 ) (0.3-0.5)
(03(243) ( 7)) +0.2
=729-13.5+0.2
= 59.6m
dv
31.
“Ta
= V3cost +sint
when a =0
\/§005t+sint:0
tant:—\/§
2
tzi
3
57
ort=—
3
mz/vdt
= —V/3sint — cost + ¢
—\/gsin%—cos%—i—c
1\ V3
O——\/§<2>_2+C
O:—\/g—&—c
c=13
z =3 —V3sint — cost
WhentZQ—W
3
2
=3 \fsm——cos;T
1
= 3_§+,
2 2
V3+1
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Solutions to A.J. Sadler’s

5
when t = on

3
5 5
m:\[—\/gsing—cos—ﬂ-

3
:¢§+§_

331
2

1
2

32. (a) wv=3x+2
dv dz
dat Tt
a=3v
=3(3x +2)
= (92 + 6) m/s>

Exercise 7C

dX dXdp

At dt dt
= (2cos2p)(2)
=4 cos2p

1.

™
:4 —_
COS 3

=2

dA  dAdz
Cdt de dt
= 0.6sin(3z) cos(3x)
= (0.3 sin 6x

™
= 0.3sin -
sin 6

=0.15

3. =33 +1

dy 2
2y£ =9z

dy 92

de 2y
dy dydw
At dzdt
_ 0.4522

Y

10

(b) v =23(4)+2

=14m/s
a=9(4)+6
=42m/s?
33. (a) wv=32%-2
dv dx
at
a = 6zv
= 6x(322 — 2)

= (182® — 122) m/s?
(b) v=3(1)*—-2

=1m/s
a=18(1)% — 12(1)
=6m/s’
When y =5
(5%) =323 4+ 1
3% =24
=8
=2
dy  0.45(2)
dt 5
=0.36

4. z? 4 4% = 400

2x+2yd—y =0
dx
dy =
de gy
dy dydw
At dzdt
_ 4%
Y
When y = 12
2% + (12)% = 400,2 > 0
r =400 — 144
=16
dy 16
a0
= -8
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1

5. A= 2(10)(10) sin x
= 50sinx
dA
1 =50cosx
dA _ ddds
dt  dzx dt
=0.5cosz
T
=0.5 —
cos 3
=0.25cm?/s
1 2 s o
6 A= 5:5 sin 45
e
4
dA _ V2ade
dt 2 dt
_0.1V2x
2
=0.05v2z
= 0.05v2(10)
=0.5v2

~ 0.707 cm? /s
7. 2 4+ 9% =102

d
2x—|—2y£=0

dy T
Az~ y
dy dydzx
dt  dwdt
=012
Y
When t = 20
r=4+0.1¢
=6cm
y = /100 — 62
= 8cm
dy 6
T —0.1§
= —0.075cm/s

8. Let = be the side length of the triangle.

1
A= 5902 sin 60°

_ Va2
4
a4 _VBrdr
dt 2 dt
_\/32(20)(0'2)
=2v3cm?/s

9. A regular hexagon can be divided into six equi-
lateral triangles as shown.

11

2
A=6x \/iz

- 3v/3 22
2
dx
=3v3(20)(1)
= 60v/3 cm? /minute

=V3cm?/s

dA
dt

10. From the cross-section being an equilateral trian-
gle we have the relationship between height and

radius:
tan 60° = E
r
h=+3r
The volume is
wr2h
V =
3
w3t
3

Differentiating with respect to ¢
dVv dr
= = 32
a =TV

and substitute for r and %

av
o = /3 (20)2(0.5)

= 2007V/3
~ 1090 cm? /s

11. Let = be the distance between the base of the
ladder and the wall. Let y be the height of the

top of the ladder above the ground.

2’ +y? =52
dy
2x—|—2ya =0
dy @
de oy
dy dydw
dt — de dt
=012
Y
x=1/5.22 —4.82
=2.0
dy 2.0
T —0.15
= —0.0417m/s
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Solutions to A.J. Sadler’s

12.

13.

The top is moving down at approximately 4.2
cm/s.

(a) Let ! be the length of the shadow and let
d be the person’s distance from the lamp-
post. Using the similar triangles as a start-
ing point,

l+d 4.5
15
=3
l+d=3l
d=2]
l=0.5d
dl dd
&—0.55
=1m/s

The shadow grows by 1 m/s.

(b) The tip of the shadow moves with the com-
bined speed of the person and the increasing
length of the shadow, i.e. 1+2 =3 m/s.

dr dh
0l =2(2 — h)—
ra A2y
ar _2-ndn
dt — r dt
dh
i —0.005m/s
h=1
r=y22 - (2-1)2
=3
dr 2-1
— = ——(—0.005
_ 1
©200V/3
= —?OOm/s
V3
=% cm/s

S

The radius is decreasing at a rate of ?3 ~ 0.29
cm/s

12

14. Let BC=z and AB=y.
y? = 2?2 4202
dy dzx
dy _ wdz
dt — ydt
48
= ——=—(15)
V482 4 207
48 x 15
D)
_ 180
- 13
~ 13.85ms™*
15. Let d be the distance from A to the balloon and
let h be the height of the balloon.
d® = h* + 60°
dd dh
2d— = 2h—
dt dt
dd _ hd
dt  ddt
_ L@)
V802 + 602
=4m/s
16. x = 8tand
doe _ 8 a0
dt  cos26 dt
8 2
2
cos“ = | ———
()
6
-89
dx 89
—=8®) =4
= (5 ) am
=44.57
~139.8ms™!
Note that it is not necessary to determine 6 in
order to find cosf. Use the definition of cosine
as hadj%m to determine cos @ directly.
ypotenuse
17. Rotation of 5 revolutions per minute is 107 radi-

s

ans per minute or ¢ radians per second.

Let y be the distance along the coastline from the
nearest point at time ¢. Let = be the straight line
distance to the lighthouse at time ¢t. We want fi—’;
when z = 4.

y? + 3% = 22
dy
2y~ =2
ydx .
dy _ @
de
When z =4, y=+/42-32
=7
dy _ 4
dr /7
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cosf — 3 19. Let z be the horizontal distance AB at time ¢.
z
3
= 800
o cos tanf = —
. T
S~ Lo s0de
do cos* cos2@dt  xz2 dt
When z =4 (:050—§ 46 _ _800cos”6 du
’ 4 dt 2 dt
sing = ¥ C0529_<1000>
4 10002 + 8002
V7
da =3x L+ = %
de 1975 41
dé 800 x 22
47 — =——AL(-200
g T dt ooz 200
) 4000000
4T = 41000000
3 _4 ds/s
dy  dyde Ty reesss
d6 ~ dz de
IRNVIANE 20. tanf = —
VT 0 an 500
== Lo 1 dh
3 cos26 dt 200 dt
dy dydd dh 200 (1
dat — dgar dt  cos26 \ 20
16\ /7 10
- <3> (g) "~ cos2d
8 d’h  20(—sinf) dd
) dez cos3d dt
A2 2.79km/s _ 20tand 1
cos26 \ 20
_ tanf
"~ cos2d
(a) When 0 = %,
yodn
St
10
"~ cos2d
10
= 2
B
) 10
= — -3
18. tanf = 600 440
_ 1 % — L% = — ms_1
cos26 dt 600 dt 32
do 00829@ o= %
dt — 600 dt de
600 _ tanf
cosl) = ——— =—55
\/ﬁ coSs
6004 4+ 800 /3
=0.6 — %
dt ~ 600~ dt _ 4B
= 0.006 rads/sec 9

13



Exercise 7D

Solutions to A.J. Sadler’s

(b) When 6 = T,

I
=
o
=
)]

L

21. Let s be the length of the shadow CE and d be
the distance AC. By similar triangles

s+d 9
s 18
s+d=>5s
d=4s
s = 0.25d
ds
@:0.25

Exercise 7D

1-3 No working required.

4. u =2z
du _
de
d o d v\ du
i (o) = ([ #) &
= (5")(2)
_ 2(5)2$
5 = 5x
du
dz g

d 5z

e </1 (3 + 4t + sin t)dt)
d v du
T (/1 3+ t—i—smt)dt) i

= (34 4u + sinu)(5)
=5(3 + 20z + sin(bz))
= 15+ 100z + 5 sin(5z)

14

d2 — 122 + y2
dd
2d— =2
dy Y
dd _y
dy d
ds _ ds dd dy
dt  dddy dt
_ Y
= (0.25) (d) (2)
_ Y
2d
When AC =20, y =20
d = /122 + 202
=434
ds 20
dt 834
5
2V/34
~ 0.43m/s

The shadow is growing 0.43 metres per second.

= 27 units®
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Exercise 7D

7.
T
:—g/ —2sin’zdz
0
= —g/ (1—2sin’z —1)dz
0
= _g/o (cos(2z) — 1)dz
T [sm2x }”
T s1n27r sin 0
D) 2
o
— -0)
—5 (=
2
= % units®
8.

= 472 units®

15

9.
Vv /4 < ! )2d:13
= T —
1\
4
=/ T dw
1 X
=7r[lnx]‘i
=m(ln4d —In1)
= 7ln4 units®
10.

4
V:/ mldy
2
4

=/ my dx
2
7],
2 1y

=S -2

= 67 units®




Chapter 7 Extension Activity

Solutions to A.J. Sadler’s

0.81
0.61
0.4+
0.21
11. First possibility: T S

V:/gﬂ'(smx)zdy
0 2
z
/ sin’ z dy
0

(1—2sin?z —1)dy

N
[NE]

(cos2z — 1) dy

.c\w‘ﬂc\

Moolx ool ool ool

Chapter 7 Extension Activity

1. The y-coordinate of the centre of gravity is 0 from
the symmetry of the shape.

Sum of moments is

2 51"

= 2 ((0)F — ()2
2 3
= gmgr

The moment of the sum is

2

mg”—()
Thus
mr? 2 3
WQT( ) = gmgr
2
g(i) =3
L dr
T sy

. the centre of gravity is at the point (3Z,0).

16

0.6
0.4
0.2

NIER.

Second possibility: I

2. The y-coordinate of the centre of gravity is 0 from
the symmetry of the shape.

The line segment AB is on the line passing
through the origin and (a,b), i.e. y = gx.

Sum of moments is

a a b
/ mg2yx dr = 2mg/ (:C) rdx
0 0o \@
2mgb /“
= x
a 0

_ 2mgb {:ﬁg’r
0

a 3
2mgb a
=30 o
_2mgb 5 g
~ 3a (a 0 )
2mga®b
3

The moment of the sum is

mgabx
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Chapter 7 Extension Activity

Thus
2mga?b
mgabT =
3
_ 2a
T=—
3

. . . . 2
.. the centre of gravity is at the point (?“, 0).
3. Area of one strip:

Az ~ ((0.52 4+ 2) — (—0.5z — 2)) iz
= (x +4)0x

Moment of one strip:
I, =~ mgx(x + 4)6x

Sum of moments:
6
I:/ mgx(x + 4) dz
2

x3 6
=1mg [3 + 21‘2]
2

(527

Total area:
%((2+4)+(6+4))(672)
=2(6+ 10)

=32

Moment of sum:

I = 32mgzx

400
32mgxr = ?mg
25

6

xr =

The symmetry of the figure gives us § = 0 so the
centre of gravity is at (%, O).

Y

)

17

. From the symmetry of the figure, § = 0.

From the symmetry of the figure, z = 0.

Taking horizontal strips of height dy and the mo-
ment of inertia about the z—axis,

y=kx

y
::I: —
v k

Y
Ay = 2\/;634

Moment of one strip:

Area of one strip:

Sum of moments:

Total area:

Moment of sum:

Hence the centre of gravity is at (0,

The radius of one disc is

y=/r2— a2



Chapter 7 Extension Activity

Solutions to A.J. Sadler’s

Volume of one disc:

V, ~ my?ox

=n(r?* —2?)ox

Moment of one strip (where m is mass per unit
volume):

I, ~ mgxn(r® — z%)ox

= mmg(r’z — 2°)ox

Sum of moments:

Total volume:

Moment of sum:

Hence the centre of gravity is at (%, 0).

6. From the symmetry of the figure, y = 0.

Slice the figure into vertical discs of thickness dz.
The radius of one disc is

xr
V=T
Volume of one disc:
V, ~ myox
()
B 7r7:2;v2 5z

Moment of one strip (where m is mass per unit
volume):

h2

B (77mgr2x3> S
U nr

2,.2
I, =~ mgx <7rr * >5x

18

Sum of moments:

h 2.3
:/ ﬂ'mg;‘x dz
0 h

Tmgr? [IT h
0

Total volume:

Moment of sum:

Hence the centre of gravity is at (%, 0).

Y
18

15
12
9
6
3

U T T B g
Divide the shape into vertical strips of width dzx.
Area of one strip:

Ay~ (2*+2) 6z
Moment of one strip about the y-axis:
I, ~ mgx(z? + 2)0x

Sum of moments:

I:/4mgm(x2+2)dw
" 4
:mg/ (23 4 22) dz
a
mg[4+x]0

= mg(64 + 16)
= 80mg
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Miscellaneous Exercise 7

Total area:

4
A:/ (2 +2)dz
0
3 4
= {erQx]
3 0

64
= — 438
5+

88

3

Moment of sum:

I = —mgZx
3 YT

88

gmg:f = 80mg
240
88
%0
11

T =

Now consider the moment of each strip about
the z-axis. The centre of gravity of each strip is

0.5y from the x-axis (as the hint states) so the

Miscellaneous Exercise 7

1-2 What working there is for this question is trivial
enough (I hope) to not need further elucidation
here.

3. (a) 20z —3<0
2]z < 3

2] <

r <

| W N W

3
d —z<—=
an x 2

3.3
2 2

(b) First consider the case 2z — 3 > 0 so
|22 — 3| = 2z — 3. It also follows that z > 3
so |z| = z. The inequality then gives

2|z| — 3 < |22 — 3]
20 —3<2x -3

This is clearly a contradiction and so we
must exclude z > % from the solution.

19

moment of each strip is

I, ~ mg%(aj2 +2)dz

= %( 2 4 9)(2? + 2)0x
= %( 42?4 4)ox

Sum of moments:

4
1:/ ”;g( 44 42% 4+ 4) da
0

5 3 4
mg | T 4x

= — | — R — 4
2 [5+ 3 +x]0

mg (1024 256
=—|—4+—=—+1
2 (T B e
2296mg

15

Moment of sum:

I =mgAy
_ 88mg_  83mg _ _ 2296mg
3 Y T3 - 15

_ 287

Y= %5

The centre of gravity is (Z,7) = (@ 287).

Next consider the case 2e—3 < 0 and x > 0.
This gives |22 — 3| = —(2¢ —3) and |z| = «.
Hence
2]z| —3 < |2z — 3|
2r —3 < —(2z - 3)
20 -3 < 22+3
4z < 6
T < §
2
Finally consider the case 2z — 3 < 0 and
x < 0. This gives |2z — 3| = —(2z — 3) and
|z| = —z. Hence
2|z| — 3 < |22 — 3]
—2r—3< —(2z—3)
—2r—-3<-2x+3
-3 <3
This is true regardless of the value of x.

Combining these results gives us the solu-
tion z < %



Miscellaneous Exercise 7

Solutions to A.J. Sadler’s

4. (a) Consider the three possible cases: = > 3,

l<z<3andz <1
Forz>3,z—3>0so0 |z —3|=2—3and
x—1>0s0|z—1=2—1;
|z —=3|+|z—1]=4
r—3+r—-1=4

20 —4=4
r=4
Forl<x<3,z—3<0so|z—3|=—-2+3

andz—1>0s0|z—1]=2—1;

e —=3|+|z—1]=4
—rz+3+xr—-1=4

2=4
No solution.
Forz <1,z—-3<0so|x—3 =—-z+3
andzr—1<0so|z—1]=—z+1;

e —=3|+|z—1]=4
—xrx+3—x+1=4
—2x+4=14

z=0

The two solutions are x = 0 and x = 4.

Again, consider the three possible cases:
r>3, 1l<x<3and z <1.

Forz >3, z—3>0so0 |z —3|=2—3and
x—1>0s0|z—1=2—1;

|z —=3|+|z—1]=2
r—3+x—-1=2
20 —4 =2

r=3

Strictly speaking this is not in the part of
the domain we are considering (but z = 3
is a solution as shown by the next part.)

Forl<z<3,2-3<0solz—3]=-2+3
andz—1>0s0|z—1]=x—1;

|t — 3|+ |z —1] =2

—x+3+xr—-1=2
2=2

Thisis trueforall 1 <2 <3
Forx <1l,z-3<0so|z—3=—-z+3
andx—1<0so|z—1]=—-z+1;

|z —3|+|z—1 =2
—r+3—-—x+1=2

—2x+4=2
—2z=-2
r=1

The two solution is 1 < x < 3.

' bx "~ da
=sinz +xcosx
dy = dz(sinz + x cos )
= 0.05(sin 2.5 + 2.5 cos 2.5)
= —0.07
6. A=Acc™!
[ 2 -4 02 0.1
|l 3| -04 03
2 -1
o2
B=C"'CB
[ 02 017[2 3
| 04 0.3 6 4
11
10

a=3,b=-1,c=2,d=1

8. AB — 52“1 6}
lz Yy -3 z

! 30 + 2z
Tl z-3y 6r+yz
pa_| 1 6“5 2}

| -3 =z Tz Yy

[ 5+6x  2+6y
T 15+ xz —6+yz

AB = BA
{ -1 30+2: 1 [ 5+6z 2+6y}
x—3y 6r+yz | | —15+22z —6+yz
5+ 6z =-1
r=-1
{ -1 30+2: 1 [ -1 2 + 6y }
-1-3y —-6+yz | | —15—-2 —6+yz
3042z =2+ 6y
2z = =28 + 6y
z=3y—14
check: —1-3y=-15—=2
14—-3y=—-=2
z=3y—14

9. No working required.

20
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d 1
10. —y:2x1nx—|—x27
dx T

=2xlnx +x
=z(2lnz+1)

11-12 No working required.

13. (a) e? = cosg + ising
=0+1i
=(0,1)
_ 62)(60.57ri)
= e? (cos(—0.57) 4 isin(—0.57))
e?(0 —1)
= (Oa _82)

(c) e2+4e?:ez+4cosg+4ismg
=e? +2+2V3i

= (e? +2,2V3)

dA
14. — = [ —0.02d¢t
[5=[-00

InA=-0.02t +¢c

A= A[)e—0.02t
A _ —0.02¢
— =€
Ao

0002, _ (5
—0.02t, = In(0.5)
In(0.5)
"7 0.02
~ 34.66 years

15. (a) u=3r? -5
du = 6xdx
d
/x(3x2 —5)7dm=/u7§
ud
“8x6 ¢
(3% —5)8
= 13 +c
(b) u=zx-—>5
T=u+9
du = dx
/m(x—5)7du:/(u+5)(u)7du
:/(u8+5u7)du
_w
"9 g °

ud
= — 4 -
= (8u+45)+c¢

_ ;25)8 (8(z — 5) + 45) + ¢
_ ;25)8 (8 — 40 +45) + ¢
- ;25)8 (8z —5) +¢

21

uw=a?-3
du = 2dx
8x 4
————dzr = [ —=du
/\/x273 /\/17
4\/u
=05 "€
=8vz?2—-3+c¢
u=>5r—2
u—+2
xr =
5
du =5dx
/10x\/5m—2dm
:/2(u+2)\/ﬁd€“

2 3 1
= g/(u5 +2u?)du
= g (2ug + Q(QUg)) +c

NI

4

4
= %(533—2)%(1535—6—&- 10) + ¢

4
= = (52— 2)7 (152 +4) + ¢

(3(5x —2) +10) + ¢

u=2x>-5
du = 2x dx

/stin(glc2 75)dm:/4sinudu
= —4cosu+c¢
= —4cos(z? —5) + ¢

u=14+¢e"

du = e”dx

/e"”(l—l—ex)‘ldx:/u‘ldu

I
|
_|_
o
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Solutions to A.J. Sadler’s

u=x—3
r=u+3

du = dx
4x 4(u+3)
2T = [ Uy
/ N / N
= /(4u0'5—|—12u70'5)du

4U1'5 N 12u0.5 N
= C
1.5 0.5

8 1.5
= u3 + 24u°5 + ¢

(2)

8u1'5 + 72u0.5
3

= Vu(u+9)+c

co Wl oo wl| oo

25\/x—3(z+6)+c

(h) u=ux+2
rT=u—2

20 =2u —4

20 +1=2u—3

du = dx
/ 2+ 1
(x +2)3

2 —
dr = / i 3 3d$
u
= /(2u72 —3u"3)dx

_ 2u~t 3u?
o1 =2
= —2u"t + 1.5u"2
_1.5-2u
u2
15— 2(x +2)
CESE
_15-2r—4
T T @toy
 —2x-25
(2 +2)2 *
4xr — 5

= Yot

+c
+c

+c

(i) u=2"
_ ln2“c
ewan
(2)e
(2)2°
du

=1In wandaj
=1In

vVe—3(x—-3+9)+c

22

8 u=5""
du = 1n(5) 5" dx

du
57l dy = [ 2L
/ o ln5

TR
5m+1
~Tnp
16. dM - —kM
dM
/ / i dt
InM=kt+c
M = Mye
05 _ elGOOk‘
1600k = —1In2
B —In2
1600
~ —0.000433
My = 5000 g

M = 50008_0'000433t g
After 100 years,

M = 5000e—0.000433><100

= 5000e 043

~A4788¢g
2
3 2n
17. (a) / sinz dz = [— cos z]?
0
~ 14
2
=15
0 0
— 2
O A
% %
1
202
=-1
3
(c) / sin® z dx

1

i
2

= (sin(=7) + )
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3 xa+1 3
18. (a) / x%dx =
1 a+1],

3a+1 1a+1
a+1ia+1
(3)3% — 1
a+1
(b) /2 622 dx = [21’3];

=2a>— 16

(c) Let u = sin 2z
du = 2cos2xdx

12 sin % du
sin® 2z cos 2z dx = u*—
0 0 2

ua+1 %
N {Q(GJFD]O
_ ( (%)a-‘rl )
2(a+1)
1
1

0.5
d— / o] dt
0

0.5
:/ |5 cos 2t| dt
0
5cos2t >0V0<t<0.5

0.5
d= / 5 cos(2t) dt
0

0.5
5
= [ sin 2t]
2 0

= 2.5sin1
~ 2.10m

1
(b) d:/ 15 cos 2¢| dt
0

z 1
= /4 5 cos(2t) dtf/ 5cos(2t) dt
0 iy

4

z 1
= §sir12t — §sith
2 0 2 z
4
=(2.5—-0) — (2.5sin2 — 2.5)
=5—2.5sin2

/A 2.73m

20. To prove:

3sinf — sin(30)
4

sin® 0 =

2(a+1)20+1

23

Proof:

sin(360) = Im(cis(36))
= Im(cis® )
= Im(cos® § + 3isin 6 cos? 0
— 3sin” A cos § — isin® 6)
= 3sinfcos? @ — sin® 6§
= 3sin (1 — sin? §) — sin® 0
= 3sinf — 3sin® # — sin® 0
= 3sin6 — 4sin’ 0
3sin 6§ — sin(36)

RHS = 1
 3sin6 — (3sinf — 4sin®0)
N 4
B 4sin® 0
4
= sin® 6
= LHS

A= /2|sm 6| o
0
sin® 6 d@

2 3sinf — sin(36)
4

—3cosf + § cos(30) i

4 0

cos(39) —9cos 9} z
0

(cos —90052>

cos0 —9cos0
12

do

/O;
J
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T 5 check that this has in fact reached the long
A= /0 sin” 6 d¢ term average:
:/251n0(1—00829)d9 05 0 477
0 L 1 1
H 200 00 0] 3 33
:/ (sin @ — cos® @sin §) dO [ ] 0 3 0 1
0 111
cos®0]? ol
0
m cos3§
=|—cos—- +
2 3 r 0 1 0 1 115
2 2
0 cos® 0 1 g 1 1
—\ et € [0 200 0 0]|3 [ 3 3
0 5 0 3
1
=0 (-1+3) EREEN)
=[40 60 40 60 |
= = units? ) 6
0 5 0 5
1 9 1 1
[0 20 0 0] 32 ; 2 3
0 5 0 3
To (next location) 111 g
A B cC D -3 3 3 -
From A [0 1/2 0 1/2 =[40 60 40 60 ]
21. (a)  (present B |1/3 0 1/3 1/3 o L oo 171
loca- 2 2
clo 12 0 12 L2
tion) D /3 1/3 1/3 0 (f) [50 50 50 50|23 |, 3 3
N
L3 5 3 0
(b) 17 seconds is after 3 transitions, so —[40 60 40 60 ]
- 416
050 1Y N
3 05 3 50 50 50 50]| 3 O 3 3
[0 0 200 0] 3 | 3 3 [ Ilo 1 ot
0 3z 0 3 11
111 L3 3 5 0]
=[22 78 22 78] =[40 60 40 60 ]
T
22. C(li—t =kT
0L o 17° ar
111 /7 :/kdt
3 3 3
(C) [O 0 0 200] 0 % 0 % InT =kt+c
Lo T = T
=[52 52 52 44 ] 27.7 — 22 = (28.6 — 22)e'*
27.7—22
(d) Intuitively I would expect 50% more people k=1In 2%.6 — 22
at B and D than at A and C, so about 40 at ~ —0.147
each of A and C and 60 at each of B and D. ' Coamt
This would be my intuitive guess regardless 28.6 —22= (37— 22)e”
of initial positions. 0147t — In 28.6 — 22
T 3T—22
1 171 =
0 5 0 3 t = —of—22
19 11 —0.147
[200 0 0 O] %l%i =5.6
1 i 1 8 5.6 hours before 1.30pm is 7:54am (although it’s
3 33 unlikely that such precision is realistic—8am is a
=[40 60 40 60 ] more sensible estimate.)

24
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